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A Few Notions from Geometric Measure Theory

PREFACE

I have spent half a year reading about Geometric Measure Theory. Here, I have laid down my most
interesting observations and few foundational theorems, ordered to make each new step as natural as
possible. Geometric Measure Theory is indeed a geometric theory, because it is driven by geometric ideas.
A primary interest of this domain is to study how measures can be used to investigate geometric properties
of objects. With measures, we can describe shape convergence and many local geometric properties of
objects without any restrictions on smoothness.

1 Conventions, acknowledged results and definition from analy-
sis and measure theory

Convention: To any product, we associate morphisms denoted by m;, where i is an index of the product
component we are projecting to, or is the component itself. For example, for AX B we have 1ty : AXB = A,
for A™ we have m; : A" - A with i € [1,n], for [];¢; A; we have m;, : [];¢; A; = A;, for iy € I. Similarly,
we introduce a notion i for morphisms associated to coproducts. A projection on the tangent space is
always associated to T,M X (T, M)*.

Convention: Let {w;}; be a family of some kind of objects:We write a row of those objects as (w;) and
column as (w'). We will use matrix multiplication notion to shorten equations, even when dealing with
things that might not be scalars. For example, a basis change formula from basis (w;) to a basis (u;) with
a matrix P is denoted by (u;) = (w;)P. If we have two function f, g defined on X and we have a,b € X

then we may write
f _( fl@ f®) a)_{( f(®
(g)(“ b)‘(g@ g(b)) f(b)_<f(b)>

Often this way of writing equations compactifies not only notions but also proofs, as you will see in Section
7, by using substitutions. Although, I switch later in that section to Einstein’s convention, because it eases
permutations of sums and regrouping of coordinates.

1.1 Measure theory

Geometric Measure Theory is based upon Radon measure theory, where the notion of outer measure is
obligatory. We consider that any set can be measured.

Definition: An outer measure on X is a set function on X with values in [0, o] with
cu@® =0
* ECUpenEn = u(E) < Xpey n(En)

Carathéodory’s theorem: If u is an outer measure on X and M (i) is the family of those E € X such that
uF)=u(ENF)+u(F\E), VF X
then M (i) is a o-algebra and u is a measure on M (p).

A proof can be found on pages 8-9 of [Maggi, 2012].

Definition: p is a Borel measure on a topological space X if it is an outer measure on X such that B(X) S

M (w).

Definition: A measure | is said to be absolutely continuous with respect to measure A if for any set A,
A(A) = 0 implies u(A) = 0 and we write it 4 << A.



Definition: We say that a Borel measure y is regular if for every F € X there exists a Borel set E € B(X)
such that
F CE, u(F) = pu(E)

Definition: An outer measure i on X is locally finite if 1(K) < oo for every compact set K € X.

Definition: An outer measure | is a Radon measure on a topological space if it is locally finite, Borel
regular measure on X.

Property of Radon measures on R™: If i1 is a Radon measure on R", then

w(E) = inf{u(A) |E € A, Ais open} = sup{u(K) | K € E, K is compact}

Those are only top-level results. While this theory incorporates many more profound statements, I've
avoided them here to maintain the holistic picture I aim to present and not to have just another copy
of an already existing book. This necessarily means sacrificing some depth, as I have not included few
necessary proofs and results.

1.2 Analysis

Geometric measure theory relies on several profound and not-trivial results established within metric
spaces or R™. This foundational properties, which I adapted with minor modifications or gave direct
generalisations, are primarily sourced from "Measure theory and fine properties of functions”.

For a ball B = B(x,7) of center x and radius 7 we shall note B = B(x, (1 + €)r) for every € > 0. I chose
the prefix notation to avoid confusion with set power and Minkowski product.

Vitali’s covering lemma: Let F be any collection of non-degenerated closed balls in a metric space X with
sup{diamB |B € F} < o
Then for every € > 1 there exists a countable family G of disjoint balls in F such that
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Proof: Set D = sup{diam B | B € F}. Set

b D .
Fi= BET|Z<dlamBSF , j=12,..
We define G; < F; as follows
« Let G; be any maximal disjoint collection of balls in F;.
« Assuming Gy, ..., Gr—1 have been selected, we chose Gy to be any maximal disjoint subcollection of
k-1
(BEF|BNB =0forall B € Ug,-}
j=1
They exist by Zorn’s Lemma. Finally, define G = U jen- G; a collection of disjoint balls and G < F.

Proving that for each ball B € F, there exists a ball B € G such that BN B" # @ and B € “B’. Fix B € F,
there exists and index j such that B € Fj and by maximality of Gy there exists a ball B" € U%—; Gk with
BN B' # @. ButdiamB' > 5 and diam B < ——; so that

g1
. D . ,
diam B < — < ediam B
e/-1

Thus B C %¢B’.

p =2




Remark: This is a generalised version of the proof from the book "Measure theory and fine properties of
functions” where it is done for the smallest integral case € = 2. The generalised proof shows the reason
why the final dilatation is 5 = 1 + 2¢, but actually it is true for dilatation > 3 and the smallest such
integer is 4. An interesting question is whether there is continuity and can we take a limit and get this
result also for 3.

There are also more substantial covering results, crucial for extension theorems, measure differentiation
and characterisation of rectifiable sets. Their proofs usually occupies a dozen of pages and are deeply
analytic, primarily involving the extensive rewrite of inequalities and introduction of different constants.
Iinitially intended to revise them for greater clarity, but after several failed attempts, when I had to modify
constants and propagate the change back over multiple pages, I decided it was best to simply reference
them here. Full proofs are available in [Lawrence C. Evans, 2015] and in [Alberti, 2017].

Besicovitch’s Covering Theorem: There exists a constant N,,, depending only on the dimension n with the
following property:

If F is any collection of non-degenerated closed balls in R™ with
sup{diamB |B € F} < o

and A is the set of centers of balls in F, then there N, countable collections Gy, ..., gNn of disjoint balls in F

such that
Np

ac| JUs

i=1 BEG;

Definition: A cover of A by a family B is called fine if for any x € A we can find a covering set from B of
arbitrary small diameter.

Filling open sets with balls theorem: Let u be a Borel measure on R™, and F any collection of non-
degenerated closed balls. Let A denote the set of centers of the balls in F. Assume

u(A) < o

and F is a fine cover of A. Then for each open set U S R", there exists a countable collection G of disjoint
balls in F such that

UBQU
BEG

and

u (AnU)\UB -0

BEG

Whitney’s extension theorem: Let C S R" be a closed set and f : C - R, d : C - R™ be continuous
functions. We shall use notions

- —d -
R(y’x)=f(J') f(?lci_yl(x)(y X)

p(8) = sup{|R(x, )| |0 < |x —y| < 6,x,y €K}

, Vx,yeCx=#y

if we suppose that for every compact K € C
pr(6)—=>0asd -0
Then there exists a function f € C1(R™, R) and D/7|C =d.

Definition: For a function f : X — Y between metric spaces we can define its Lipschitz constant Lip(f) =
inf{L € R|d(f(x), f(¥)) < Ld(x,y)Vx,y € X}

Lipschitz function extension theorem: Let X be a metric space, A € X and f : A = R. Then there exists
a Lipschitz function f + X v R such that Lip(f) = Lip(f) and f|4 = f.

Let’s set L = Lip(f). Then we define

f(x) = infyes(f ) + Ld(x, )



By the definition, for all x € A, ]_((x) < f(x) as in particular we can chose y = x. Furthermore, for
all a,b € A and x € X, we have an inequality for a Lipschitz function f(b) — f(a) < Ld(b,a) <
Ld(b,x) + Ld(a, x) and thus we have

f(a) + Ld(a,x) = f(b) — Ld(b,x)

and if we apply an infinum over a, we have 7(x) > f(b) — L(b,x) and if x € A we can chose b = x and
we have an inequality in the other direction and thus the equality f(x) = f(x).

Now we check the Lipschitz constant

Consequence: Let X be a metric space, A € X and f : A = R™. Then there exists a Lipschitz function
f: X R"suchthatfla=f

Let’s set ]_‘ = (71.)1- extension by coordinate functions.

Remark: I considered extending the theorem to vector-valued functions, but I could only prove it for the
maximum norm.

1.3 Differentiation of Radon measure and Radon-Nikodym Theorem

Definition: Let u and v be Radon measures on R™. Then we can define upper and lower derivatives of v by
by

V(B(x,1)) .
u(B(x,1) if u(B(x,r)) >0 forallr >0

+o0 if u(B(x,r)) = 0 for somer >0

v(B(x,1)) .
B if u(B(x,r)) >0forallr >0

+00 if u(B(x,7r)) = 0 for somer >0

limsup,

Euv (x) = [

qu(x) _ [ liminf,_,q

If Eﬂv(x) = Q#v(x) < 400 then we say that v is differentiable with respect to it at x and we write
Dyv(x) =Dyv(x) = qu(x)

Definition: Let u be Radon measure and v be a vector measure on R™. Then we define a derivatives as

v(B(x,1)) .
Dv(x) = lim,_, ) if u(B(x,r)) >0forallr >0

+o0 if u(B(x,r)) = 0 for somer > 0

While vector-valued measures are defined later, it suffices to know that they are set functions with values
in vector spaces that satisfy a particular version of sigma-additivity.

Differentiating measures theorem: Let 1 and v be Radon measures on R™. Then
* D,V exists and is finite ji-a.e.
D,V is u-measurable

Remark: This is a brilliant version of the proof of Radon-Nikodym Theorem by von Neumann, that will
suffice for representing vector measures.

Radon-Nikodym Theorem: Let y and v be finite measures on (S, F) then there exists a non-negative
measurable function f and a p-null set B such that

v(A)=fAfdu+v(Ar\B)

foreach A € F.

Proof: Let T = u + v and consider T(f) = [ fdv. Then for every f € L?(m) we have f € L'(v) and
since measures are finite f € L1 () and thus in L (v), then

IT(HI = IfdeI < Wl Itz ey < Clfllzz ey



where C is a constant. Thus T is a continuous operator on L2 (1) and by Reisz representation theorem for
Hilbert spaces we find a function h € L?(r) such that

T(f) = ffdv = ffhdrt
Now consider the following sets

N={h<0}, M={0<h<1}, B={h>1}

Othdn=f)(thn=v(N)20
N

Thus we have v(N) = 0 and since h < 0 on N and [ hdu = 0 we have u(N) = 0 also.
Now let’s study B. We have

v(B) =T(xp) = Lhdu+Lhdv =>v(B) +u(B)

thus u(B) = 0.
For the last let we set M,, = {0 < h < 1 — 1/n} and from representation of T with h we have [(1 —
h)f dv = [ hf du and why apply it to

v = [ 21~ myay = [ 1% an

Let f = 1Thh then by applying monotone convergence and recalling that y(B) = p(N) = 0 we have

v(IMNA) = f fdu
A
Finally for all A € F we have

v(A)=v(AnN)+v(AnM)+v(AnB)=ffdy+v(AnB)
A

Corollary: If u >> v, thenv(4) = fA fdu
It’s evident since u(B) = 0 = v(B) = 0 then.

Remark: If it and v are Radon measures, then f = D,v.

Corollary: This gives us a representation of a vector valued measure p as 4 = f |u|]. And we can define
the integration with respect to such measure as

[gan=[g-ram

Beyond representation of measure (or continuous linear forms), we can view this process from another
angle. If we associate to a linear continuous form to a shape, then function f describes certain geometric
properties of that shape. We will explore one such example in the last section.

2 Hausdorff measure

The Hausdorff measure generalizes the notion of measure for lower-dimensional objects in a higher-
dimensional space or even in an arbitrary metric space. The idea is essentially similar to the construction
of Lebesgue measure, and the general case is called the Carathéodory construction. The difference is that
we measure sets by their diameter, attributing to each an s-dimensional "volume” based on its diameter
raised to the power of s. For this construction, we define a cover of E by sets of diameter less than § as a
8-cover of E. And we consider only countable covers. We note that

diam(D)\’
}f;(E):nlewa( 2()>

IeC




where s € R, is a dimension, w; € R is a coefficient, preferably continuous or smooth as a function of
s, and C is a §-cover of E. We may assume that
7.L.s/2
Wsg = ————=<
S T(1+s/2)

We define the Hausdorff measure as a limit of the previous value. It exists because }§(E) is an increasing

function of §. We note
HS(E) = 611%1+ HI(E)

I shall introduce the notion of s-variation of a cover S as

Var®(§) = Z W (diar;(l))

IeS

Proposition: For a natural n > 0, w, is a volume of a unit n-dimensional ball.

2.1 Properties of Hausdorff measure

Proposition: Hausdorff measure is a Borel measure.
Proposition: 7£° is the counting measure.
Proposition: In the definition of Hausdorff measure we can consider only closed or open sets.

Proposition: Hausdorff measure of dimensionm € N coincide on m-dimensional affine subspaces with their
Lebesgue measure.

Proposition: The n-dimetional Hausdorff measure traced to a n-dimentional C-submanifold of R™ induces
the area measure on this submanifold and coincides with the integral measure via parametrisation on it.

Proposition: A restriction of 1 on a locally H5-finite set is a Radon measure.

Remark: Proofs to those proposition can be found in the book [Maggi, 2012].

Definition: Let E be a Borel subset of a metric space X. The upper d-dimensional density (with respect
to H®) of E at the point x is defined by setting

. . HE N B(x,1))
a(E,x) = llTj(l)lp g

Theorem: Let E be a Borel subset of a metric space X, and assume that E is locally H%-finite. Then the
following properties hold true:

1. The upper density of external points is almost everywhere zero, ®%(E,x) = 0 for H%-almost every
x € E°.

*

2. The upper density is bounded from below, 2% < 0%(E, x) for H%-almost every x € E°.

3. IfX = R", then the upper density is bounded from above by 1, ©%(E,x) < 1 for H%-almost every
x EE.

4. If X is a generic metric space, then the upper density is bounded from above by a slightly different
constant, ©%(E, x) < 3% for H%-almost every x € E.

Proof: Proofs of propositions 2-3 can be found in [[Alberti, 2017]] on page 48.

1. The core of this proof relies on the regularity of u := H%_ E and Vitali’s Covering Lemma. We de-
fine E, := {x € E°| ©}(E,x) > t} and aim to prove that it is % %-null for ¢ > 0. From the definition
of E; we know that E is highly concentrated around the points of E;. This effectively allows us to
reduce the study of E; to the study of appropriate covers. Let A 2 E; be an open neighborhood of
E,. We then consider the family of closed balls F := {B(x,r) € A|x € E,, & H*(B(x,r) N E) >
twgr®}. Within this family, we can consider balls of diameter < 1. Then for Vitali’s Covering
Lemma we can choose a dilation coefficient k € (3, +0) and we fix ball dilatation procedure with



coefficient k by B = B. Lemma provides a disjoint subfamily G such that the delated by * balls cover
E;. We then have the following inequality
A) > B) > Byl = Byl > — 3d(E
R = ) w(B) = twg ) r(BY! = 1gwa ) T(BY = I E

BEG BEg Beg

Since u(A) can be chosen arbitrary small, it follows that H{}(E,) = 0 and consequently H¢(E,) =
0.

2. [Alberti, 2017]]
3. [Alberti, 2017]]

4. If we follow a similar construction to the proof of the first proposition for a set E;, := {x €
E|®4(E, x) > t}, then we arrive at

HAUE,,) = t:}de
(m)—ﬁ (m)

and if t > k¢ we get H%(E,,) = 0, and as it is true for all k > 3, we have 0}(E,x) < 3% 1It’s
worth noticing that usually there are no generalisation in Vitali’s lemma and one usually proves for
5 instead of 3.

2.2 Hausdorff dimension

To a set S we can associate a number s = inf{a > 0 | H?(S) = 0}. It’s called its Hausdorff dimension.

Proposition: IfE € R then dim(E) € [0,n]. Moreover H*(E) = o for every s < dim(E) and HS(E) €
(0, 00) implies s = dim(E).

Proposition: If A is an open set in R™, then dim(4) = n.

Proposition: For a Lipschitz function f : R™ - R™ we have the following inequality
HA(FIED = Lip(f)*H*(E)

foreverys > 0 and E € R™ and dim(E) < dim(f[E]).

2.3 Dimension of Cantor sets

Here we compute the dimension of generalized set. Let n € N and m € N* so that 2m < n. Then we can
define Cy, (k € N) define recursively by agreeing that Cy = {[0, 1]} and we obtain Cj 1 from C, by cutting
out the open middle part from each segment of C;, and living side parts of length m/n of original interval.
We will note € = lim C, = N Cy.

a
\ _ 1
I \
Y 1 o —

b o e o8

Obviously Cy is a (m/n)*-cover of C, so

di I
e = Z s ( lar;( ))S = w2K((m/n)*)/2)s = ws/25(2(m/n)%)*

IE€C

Andif s > log, m (2) we have right side approaching 0 as k tends to infinity. That means that dim(C) <
log, /m(Z).

Now we need to prove the inequality in the other direction. Let s = log, /m(Z). And let S be a (m/n)k-
cover of C. In fact by the construction C is an intersection of compacts on a real line, so is compact. And
by one of the previous propositions we can conceder only open covers. Then by compactness we can leave
only a finite number of sets in S and this way we reduce its Hausdorff variance and we can extend the
resting elements to closed intervals of the same diameter. This does not change the variance. The new



cover is noted by S’. Now in every interval of S we can find 2 maximal intervals from some C; and Cj}, so
the they are disjoint. If we can’t do that, then there are no points of C in this interval and we can throw
away that set also. So now we have 2 maximal intervals J and J' in I. They are ordered. Between them
we have an interval K and as they are maximal I \ J \ K \ /' does not contain any points from C and we
can through those parts away from the covering. By the construction

m
UL S — ——IK| = ———|K|
Now we have 1/2(|J| + |J']) < ———|K|
-2
5 = I+ +HIKDS = ((1+n me))(lll+|]’|))S = (%1/2(I]|+|]’|))S =272+ D) = U+

Where the last step is done by concavity of function x +— x°. That means that we can reduce this any
cover to a Cy cover which has a smaller s-variation. That means that for dimension s = log m (2) the

H3(C) is finite as the s-variation of Cy is always wg/25.

Remark: This is a variation on the proof given in the book "The geometry of fractal sets” by K. J. Flaconer,
generelised to the case of arbitrary m and n. In this book the proof is done for the case m = 1, n = 3.

Proposition: There is a subset of [0, 1] with a Hausdorff dimension 1, but Lebesgue measure 0.

To show that we shall use Cantor’s sets. Let Cy,/, be a set discussed in a previous paragraph. Then
S = N Cpy@m+1) is a set of dimension 1. As for every 0 < s < 1 there is such m, that logn/m(Z) =

log(ZmH)/m(Z) > s, as log(2m+1)/m(2) — 1. And thus H*(S) > H*(Crnjczm+1)) = .

2.4 Integration

Let f : U € R™ - R¥ be an injective C! mapping. Then its jacobian can be written as

J(f) = Jdet(df" o df)

and we have the following integration formula:

f gdH™ = f 9(F G ()dx
im(f) u

3 Convergence of measures

Measures not only allow us to compute integrals, but they can also be used to model geometric figures
and to test different properties of these figures. One of the fundamental ideas at the heart of geometric
measure theory is that one can replace figures with the measures induced on these figures.

E w u E

Now, we need to compare two figures. To do this, we can compare the values of integrals of functions with
respect to associated measures; in other words, we will treat measures as linear functionals. Furthermore,
if two figures are close to one another, then we want their associated measures to yield sufficiently close
values. This implies that we want the function values to remain bounded in small neighborhoods and not
vary too much. Therefore, we only consider continuous functions. Lastly, since we want to be able to work
with possibly unbounded figures, we would like the integration of measures with respect to functions to
be well-defined and finite. Thus, we only use continuous functions with compact support, C.(X).

This allows us to establish a notion of convergence of shapes, equivalent to a convergence of measures.
We'll see examples of this later, but for now, I'd like to specify the type of convergence we’ll be using.
We are treating measures as linear functionals on the space C.(X). In this context, convergence is de-
fined by the behavior of these functionals on each test function; specifically, we are considering that the
integral values converge for every function in C.. Such convergence is called weak-* convergence. Be-
fore discussing this convergence further, I shall first demonstrate that there is a space of measures which
serves as the dual space to C,.

3.1 Topologies on spaces E and E*

For topological spaces Y; and a set of functions f; : X — Y;, we can define the smallest, coarsest topology on
X that makes these functions continuous. By definition such topology is t({f;}) = N{r| 7 is a topology on



X and f; are continuous}. As an example, the product topology is exactly 7({m;}), where ; are canonical
projections.

Proposition: Let T be a topology on X. Then t = t({f;}) if and only if every function g : W — X such that
fi ° g are continuous is continuous.

Remark: This is a well-known property of caorsest topology, but I checked that it is also an alternative
characterisation of such topology.

Ift = 1({f;}) and g : W — X is such function that f; o g are continuous. It’s sufficient to check that for all
elements of prebase of T({f;}) the inverse image is open, but the prebase consists of elements of the form
f;"1[U] and its inverse image is (f; © g) "*[U] which is open by hypotheses.

If 7 is a such topology, that for every function g : W — X it is continuous if and only if f;o g are continuous,
then in particular we have id : (X,t) = (X, ) continuous and that means that f; = f; o id are continuous
and we have 7({f;}) € 7. On the other hand we have id’ : (X,7({f;})) = (X,7) continuous because
fi = fieid : (X,7({f})) = Y; are continuous by the definition of coarsest topology. Thus we have id’
continuous and that means that T € 7({f;}). And finally T = t({f;}).

Tichonoff’s Theorem: Product of compact spaces is compact.

General structure: Let ] be a set of indices and E; for i € I be a topological space with a topology 7;. The
prebase of the product topology on [];, E; is {r;1[U]]i € I,U € 7;}. a set of products of open subspaces
of one spaces on others. All the finite intersections form a base of product topology. Its elements are
products of open sets where almost all factors are E;.

Maximal covers: Let’s note that a set of covers that does not contain finite sub-covers for a partially
ordered set with the relation of inclusion. For every chain we have its union which does not contain a
finite sub-cover, which otherwise would have been in some element of chain. Thus each chain has an
upper bound. By the Zorn’s lemma we find a maximal element M.

Let X be a topological space and M € 7 a maximal cover that does not contain a finite sub-cover. Then if
V € M¢,wehave U, ..., U, € M such that VUU,U...UU,, = X. Because otherwise we could have added I/
to M and M would not be maximum. If U,V € M€ then UNV € M. In other words M€ is a multiplicative
system, which is similar to the statement that p¢ is multiplicative for a prime ideal p. This is true due to
the fact that we have U4, ..., Uy € Mand 4, ...,V E M suchthat UU U U ...UU, =X =V Ul U..Ul
andthus (UNV)U U, U ..UU,UW U ..UV =X, which implies that U n V € M°.

Alexander’s lemma about prebase: Let B be a prebase of a topological space X. Then if in every
cover of X by elements of B there exists a finite subcover, then the space X is compact. If X is
not compact, then we have a M maximal cover that does not contain a finite sub-cover. Then to every
X € X we can associate its neighborhood V;, € M. Then we find some element of a basis U, = Uy, U
U Uy x SV, where U;, € B are elements of prebase. Thus by maximality Uy € M as U, < V,. But
as Uy = Uyx U ..U Uy , and as M€ is a multiplicative system, for some i we have U;, € M. It means
that in M we have a sub-cover of X by elements of a prebase B. And by hypotheses we can chose a finite
sub-cover which gives a contradiction.

Tichonoff theorem’s proof: Let S = (U;);¢; be a cover of a product E = Hje] E; of compact space by
elements of canonical prebase. Let’s suppose that it does not contain a finite sub-cover. For every j € ] we
shall pose S; = {nj'l[Vi,j] = U; |V, € tj,i € I;}. Then (V, j);; cannot be a cover of Ej, because otherwise
we can extract a finite sub-cover of E; and hence of E. So we can chose x; € E; such that x; & Uier, Vi j-

Let x = (xj) jes and it does not lie in every set of S, thus it is not a cover and we get a contradiction.

Remark: This is the most non-trivial part of the proof of Banach-Alaoglu theorem and as I had this proof
noted I have decided to also put it here.

In this section, E is a normed vector space and E* is its dual space of continuous 1-forms on E. On the
space E, apart from its metric topology, we have the weak topology o (E,E*) = t({f}seg+). As f € E*
is continuous with respect to the regular topology, the topology o(E, E™) is coarser then the regular
topology, which we call strong.

On the space E™, we also have strong topology with the operator norm. Additionally, we have the weak-*
topology o (E*, E) = t({V}ver)-
Proposition: The weak-* topology is a trace topology from the space RE with the product topology.

Proof: Let t({m,},eg) be the trace topology. Then it is easy to see that m, = v as both function are
evaluations at v and thus t({m, }yeg) = t({v}ver) = o(E™, E) is a weak-* topology.

Remark: In the book "Functional Analysis” by Haim Brezis, the part above is done by establishing an
homeomorpism and a verification of its bicontinuity. As you have seen, there is actually nothing sub-
stantial to prove since these are just two notions of the same concept — projection and evaluation in the



dual-space.
Theorem (Banach-Alaoglu): The closed unit ball B = {f € E*||f| < 1} is compact in the weak-*
topology o (E*, E).

Proof:
If()| < x|, Vx €E

B={feRE|{f(Ax) = Af (x), VAER,x € E
fx+y)=f)+f)Vx,y€EE

Hence it is intersection of the following sets B = K N Ny yeg Axy N Nyepaer Bax where K = {f €
RE||f(x)] < |x|} = [L.cg[—lxl,1x|] is compact by Tichonoff theorem, where for x,y € E, we define
Ay = {f € RE|f(x +y) — f(x) — f(¥) = 0}, which is closed since evaluations and addition are
continuous, and thus f = f(x +y) — f(x) — f(y) is continuous and A, ,. For similar reasons B , =
{f € RE| f(Ax) — Af (x) = 0} is closed. This proves that B is compact.

3.2 Vector valued measure

Let X be a topological space and V a Banach space, then u : B(X) — V is a V-valued Borel measure if

> uED = wl B

for any disjoint countable family {E},} of Borel sets. From that definition we have u(4) + u(®) = u(A v
@) = u(A) and thus u(@) = 0. This is a quite a strong property as the convergence of the sum does not
depend on the order, which in finite dimensions is equivalent to the absolute convergence of that series.

Let u be a vector valued measure. Then the fotal variation |u| of a Borel set A by measure p is defined by:

u)(4) = sup{z (4| | {An} countable partition of A}
n

Proposition: Total variation is a positive bounded measure.

It is easy to see that |¢|(@) = O since all partitions of an empty set consist of empty sets which measure
is zero. The image of |u| by the definition consists of positive numbers. Lastly we verify o-additivity. Let
{S,} be a disjoint countable collection of Borel sets. Then

Z lu]|(Sp) = Z sup{z [4(Snm)| | (Spm)m is a countable Borel partition of S,,}
n m

n

Then we remark that for each choice of {Sy,;,}, it is a countable Borel partition of S = U, S,,, and thus
[ul(S) = X, |4](Sy). On the other hand if {4} is a countable Borel partition of S then we have partitions
of S, defined as {S;, = A N Sy}, and we have the following inequality:

DA = ) 1Y w0l £ DY S0l
k k n n k

which implies |u|(S) < X, |1](Sy) and we conclude that |u| is a positive measure.

Let’s verify that total variation is bounded. That is a tricker question and we shall follow the proof from

.”. The measure can be partitioned into projection measures i = (;)=;. As all the norms are equivalent
we can consider | - | = || - |[|1. Then as we have the following inequality:

sup{z |[w(X)| | X; is a borel partition of X} < Z sup{z | (X1 | X; is a borel partition of X}
i Ji f

It is sufficient to prove that for real valued measures its total variation is bound. If we suppose it is not,
then we have a real valued measure i, countable Borel partition of X {X,,},, and n € N such that

D 1G] > 20uC0] + 1)
m=0

Let P = {X;|u(X;) > 0} and N = {X;|u(X;) < 0}. Then we have |u(U P)| > |u(X)| + 1 or |u(UN)| >
[w(X)|+ 1, thus we have a set E such that [u(E)| > |u(X)|+ 1. Then we have [u(E€)| = |u(X) —u(E)| =
|4(E)| — |u(X)| > 1. Then by additivity of || we have |u|(E) = oo or |u|(E€) = oo; supposing the latter
we pose E; = E (or = F) we always have (E;) > 1 and if we continue the same procedure for X = E€

10



we construct by the choice axiom the following sequence of disjoint sets (E;); and |u|(E;) > 1 and thus
Y. u(E;) does not converge and we have a contradiction to the definition of vector valued measure. Thus
U is bound.

By setting

_ul+ e ul -

) b-=7

we have p, and u_ positive bounded measures and y = p, — g which ports a name a Jordan decompo-
sition.

Ky

The mass of u is set to be [|u|| = |u|(X).
Proposition: The set of vector norms with the mass form a normed vector space.

Proof: Let u : B(X) — V for V an R-vector space be a vector norm. Then evidently ||ku|| = |k|||u||. Let
v be another vector measure then

+o0
[l + v|| = sup Z [(n + v)(ED)| | {En}n countable paritition of X}

n=0

+00
< su w(ED| + |V(E| | {En}n countable paritition of X
p |u(En n nin p

n=0

+00
< sup Z [L(E)| | {En}n countable paritition of X }

n=0

+00
+ sup {Z [v(Ew)| | {En}n countable paritition of X]

n=0

= el + vl

3.3 Riesz representation theorems for vector valued measure
For an R™-valued measure y on X we define an associated functional
Ay Co(X,R™) » R
fo | £au
Riesz representation theorem: The map
A:MX,R") - Cy(X, RY)”
B Ay

is an isometry

Proof: The injectivity of A is quit obvious. For surjectivity we make an inverse construction, for a given
functional L we take its total variation defined by

ILI(A) = sup{(L | ) | ¢ € Cc(4,R™), || <1}
for open set A. And for other sets we set
ILI(E) = inf{|L|(A) | E < A}

Thus |L| is locally finite, because it’s continuous and thus bounded. Whats more the second property
yields us the regularity of the total variation as we can take a countable intersection of {A4,} of open sets
such that |L|(4;,) = |L|(E), thus the total variation is a radon measure. Then the proof of existence of
function f such that L is equal to integration with respect to f|L| and |f| = 1 |L|-a.e. can be found on
pages 34-41 [Maggi, 2012]]. Let’s check that it’s an isometry. Let measure p be represented by a functional
L. Then

LI = sup{L(H) | IIfIl = 1}
llull = SUP{Z |(B:)| [ {B;} a partition of X}

11



For f € Co(X,R™) we find a series of step functions f, = Y, a;xp, such that f, - f and a; < 1. Thus by
dominant convergence [ f, du = L(f). On the other hand we have

[ =1 0 uB1 < Y lailluBl < Y 8| < Il

and thus we have | [ fd,| < ||u|| and thus |[L]| < ||p]|.
In the other direction it obviously follows form the fact the C? is dense in L.

Corollary: Continuous positive functionals are represented by Radon measures

Because f = 1.

3.4 Interpretation of Banach-Alaoglu theorem for vector valued measures

The weak-* convergence can be interpreted as convergence of evaluation of measure on every continuous
function on compact sets.

The original statement of Banch-Alaoglu theorem is the closed unit ball B = {f € E*||f| < 1} is
compact in the weak-* topology. If we replace the termes in this proof by measure terms we have the
following theorem

Banach-Alaoglu Theorem for M (X, R™): The set B = {u € M (X,R™) | ||n]| £ C} is compact for every
C € Rsq. That’s said every bounded sequence of vector measures has a weakly-* converging subsequence.

Consequence: If (14,,) is a bounded sequence of vector measures, then it has a converging subsequence.

3.5 Weak-" convergence of measures

Proposition: Let (i,), be a sequence of positives measures converging to |1, then we have
1. For any open subset A € X, liminf u,,(4) = u(4)
2. For any compact subset K € X, lim sup p,, (K) < u(K)

3. For any relatively compact E S X such that (OE) = 0

Proof: We will simultaneously demonstrate propositions 1 and 2. Let K © A, where K is compact and 4
is open. Consider a function f € C.(X) such that yx < f < x,. For a Radon measure v, we then have:

v(K) Sffdev(A)

And by considering the limits, we obtain:

lim sup u;(K) < limsupjfd,ui = jfd/i < u(b)

ulK) < jfd# = liminfjfd,ui < liminfu;(A4)

Since we are dealing with Radon measures and these inequalities hold for every compact K and every
open A, we can pass to the limit. The lines then transform into:

lim sup p;(K) < u(K)
u(4) < liminfu;(4)
Point three is a consequence of the two preceding points. Indeed, we have:

lim sup p;(E) < u(E) = u(int(E)) < liminf y; (int(E))

Remark: The third proposition gives us the property that the measures of a sequence of figures converge
to the other figure; thus, locally in the ball, the area also converges.

The following sections draw highly from the lecture notes of [Alberti, 2017]. Most propositions are
adopted from this source, however remarks or most proofs are not.
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4 Tangents

Similarly to projective spaces RP™ one can generalise this notion to smaller subspaces than hyperplanes.
The set of m dimensional subspaces of a vector space R™ is called Grassmannian and noted by G (m, n).
It is endowed with structures identified from orthogonal projections on m-dimensional subspaces.

In this section, we will finally apply measure theory to the study of smooth geometric properties.

4.1 Approximate Tangent

Definition: Let @ be a fixed angle, let x € R™ be a point and let V be a n-dimensional plane in R"*™. The
cone of angle a aroundV centered at x is defined by setting

Clx,V,a) = {x' € R**™ | |x’ — x| sin(a) = d(x —x',V)}

Definition: Let V € G(n+m,n) be a d-dimensional plane. IfE is a Borel set and x € E a point, thenV isa
strong tangent plane to E at x if and only if for every a > 0 there exists a positive radius ry > 0 such that

ENB(x,np) cCxV,a)

Definition: LetV € G(n + m,n) be a d-dimensional plane. If E is a Borel set and x € E a point, then 'V is
an approximate tangent plane to E at x if and only if for every a > 0 it turns out that

HYENB@, )\ C(x,V,a) =o(r?)

and
HYENBx,1)NEXV,a)) ~ wgr?

Finally, one can define a tangent space using weak-* convergence. Spaces satisfying this definition are
generally also called approximate, but to reduce confusion, here I will call them limit spaces.

Definition: Let ), : R™™ - R™™ = x' » — X be the dilation map. And let E, , be the image of E
under . . Ann-dimensional planeV is a limit plane to the set E at point x if and only if

ﬂnLEx‘T K"V

Proposition: A limit plane is an approximate tangent plane.

Proof: Let V be a limit plane of E at x. Let p := H"™. V and p, := H" L E,,. Since pu and p, are
Radon measures and B(0, 1) is relatively compact and its boundary is pu-negligible, then u,.(B(0, 1)) =,_¢
u(B(0,1)) = wy. Furthermore, we have

br (B0, 1)) = H Wy [E 0BG, )]) = —H(E 0 Bxr)
and thus
H™E NB(x,7)) ~ w,r™
If, in the preceding constructions, we replace B(0,1) by B(0,1) N C(0,V, a), we find
HY(ENB(x,r)NC(x,V,a)) ~ w,r"
And if we take the difference of these two equalities by dividing them by r™, we find that

H"ENBx,1)-H"(ENnB(x,r)NC(x,V,a)) H"ENB(,r)\C(xV,a))

rn rn ~0

And therefore the plane is approximate.

Actually we can completely eliminate sets and talk about tangent spaces to measures.

Definition: We are saying that y has a tangent T € G (n, m) at x if for measures yi, »(4) := r "u(x+rA4)
we find a constant k € (0, +o0) such that y, , = H™|r asr - 07.

13



4.2 Tangent Bundle

Proposition: Let X,X' S R™™ be n-dimensional surfaces of class C1. Then tangent planes are equal at
H™-almost every point in the intersection x € LN X'

To prove it, we take a point x € £ N X’ such that T, # T,X'. Then, locally at x surfaces are represented
by submersions F,G : R™*"* - R™ie,ZNA=F1(0)NnAand X' N B = G~1(0) N B, where A and B
are open neighborhoods of x.

Let’s introduce a new function (F,G) : R™™™ - R?™ = x » (F(x),G(x)). The differential of (F,G)
is a matrix of 2 blocks, one above the other. They are placed vertically because, actually, the pair (F, G)
is a column and we have D(F,G) = (DF,DG). Then ANBNXNZX = (F,G)"1(0) and we have a
representation of an intersection. Remark that (F, G) is not necessarily a submersion. Let’s take in the
differential of (F, G) indices (in)ne[1,m) of @ maximally linear independent set of rows. Its cardinal is at
least n because the rows in the differential of F are independent, and it is strictly bigger, because otherwise

the tangent spaces at x would coincide.
F DF
o( )|
DGy

where F; = m; o F and Gy = my, o G are coordinate functions. Then, if we retain only those rows in (F, G)

we will have a submersion H
F
(%))
J JE(n)

Thus, we have H : R**™ - RM where m < M < n 4 m is the rank of H at x. Hence, we obtain
n+m— M < n dimensional surface H"1(0)NANB =%"andENX' NANB c X", because (F,G)(z) =
0= H(z) =0. Thus £ N X' N AN B has null K™ measure.

Finally, we have showed that the target set S = {x € 2N X' | T,X # T,X'} around each point has an open
ball where its measure is null. Since from every open cover we can extract a countable subcover (because
our space is separable), we have proven that the entire set is H™-null.

Lemma: Let f, g € C1(R™, R), then Vf = Vg L™-a.e. on {f = g}.

For dimensions n > 1 it’s sufficient to see that points where gradients are not equal form a 1 dimensional
surface and its Lebesgue’s measure is 0.

For a 1 dimensional case we set h = f — g € C1. Then we consider a closed set S = {h = 0}. Letx € S
be such that Vh(x) # 0, then by mean value theorem we find a neighborhood of x that contains only one
such x (Vh(x) = 0). Thus the set of such x is countable and its measure is 0.

Definition: Let E be a Borel set. A map T from E to the Grassmannian manifold G(n,d) that sends x to
T(x) is a weak tangent bundle for the set E if and only if for every ¥ d-dimensional surface of class C! it
turns out that TyX = T(x) for H%-almost every x € 2N E.

5 Countably n-rectifiable sets
Let M € X be a subset of a metric space. Then M is called n-rectifiable if
memyu| ARy

where H™ (M) = 0 and f; are Lipschitz functions.

Remarque: Hausdorff dimension of d-rectifiable set is less or equal to d

This is true due to the fact that Lipschitz maps does not increase the dimension.

Criteria of Rectifiability: Let X = R™™, and let M € X be a Borel set.
The following assertions are equivalent:

1. The set M is n-rectifiable

2. There exist open sets A;, Mg H™-null set and differentiable functions f; : A; > X such that
memyu| A
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3. There exist open sets A;, My H™-null set and diffeomorphisms f; : A; = X such that
meMou| flad

4. There exist n-dimensional surfaces X; © X and My H™-null set such that
M < Myu U X

Proposition: A d-rectifiable Borel set E € R™ admits a unique up to H*-null sets a weak tangent bundle.

Proof: We have E © M, U U X;, hence we can define a bundle as following. For x € M, we can take
what ever we want, for x € ¥; we take T,.Z; and for x € X\ Uf;ll Y; we take T,X;. This is a necessary
condition as planes should be a.e. equal to the planes tangent to those surfaces. The condition for a weak
tangent bundle is satisfied due to the previous preposition.

Theorem: IfE is a Borel, n-rectifiable, H™- locally finite set, then the weak tangent bundle T (x) is the limit
plane to E at x for H *-almost every x € E.

Proof: We will show that T, Z; is a limit plane to E at x for H™-almost every x € E NY;. Associated with
this plane, we consider four measures: pi,, 1= H™C Ey Vo 1= HL Zg o, Ny = H™ L (Z;\ E)xr and
Oxr = H™ (E \ X))y, We then observe that fl,, =V — Ny + Oy .

At x, the surface X; is locally represented by an immersion ¢ : T,Z; N U — Z; N V. We can assume
that D¢(0) = Id and that B(0,1) € U,V. Let f € C,, without loss of generality, we can assume that
spt(f) € B(0,1). Thus, ¥, o ¢(h) = (h + o(h))/r. If we only take h < 7, we find that ¢, =
Y © Plaor) ° Vo177 B(0,1) = L, is given by h = (rh + |rh|e(rh))/r = h + |h|e(rh). Moreover,
the differential D¢, , converges to the identity:

Déxr =1Ddlp0r)1/7 = DPlpor) = 1d

Consequently, the integral converges:
[rave=[  5©arrs) = [ f@ureper s o [ f)ds
X;NB(x,T) B(0,1) Ty2i
Thus, we have the weak convergence of measures:
Ver = H'L T, E;

Next, we observe that 4, = 0 © A,(Bg) — 0 for all radii R.

For the measures 1), and 0y, it suffices to consider the case B(0, 1), because we are blowing up figures
anyway. For 7, ,, we have:

1
e (B(0,1)) = H™(B(0, 1) N Ty \ Exp)) = ZHM(B(,r) N (E\E) >0

This holds for almost all x, by the first property of the upper Hausdorff measure density, because x & Z;\ E.

Finally, for o, ,., we observe that:
txr(B(0,1)) = vy (B(0,1)) = 7,-(B(0, 1)) + 05 (B(0, 1))
By passing to the limit, we obtain:
lin(l) txr(B(0,1)) = wp — 0 + Iin(l) ox,r(B(0,1))
= -

And since, by the second density property, limsup, _ iy(B(0,1)) < w, almost everywhere, we find
that lim,,¢ 0, -(B(0,1)) = 0.
Thus, we have the weak convergence:

My = Var — Nxr T Oxpr = H™ T(x)
for almost all x.

Proposition: Let M € X be a Borel set with finite n-Hausdorff measure. Then M = M, U M,,, where M, is
rectifiable and M,, is unrectifiable.

Theorem: Let E € R™™ be a Borel set. IfE is a d-rectifiable 7 %-locally finite set, then the weak tangent
bundle T (x) is the approximate tangent plane to E at x for H%-almost every x € E.
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6 Differential calculus results

In this section, we re-examine C! n-dimensional submanifold M of R®*™ to observe several properties of
standard constructions. This will then motivate the definition for analogous constructions for measures.

We can define a gradient V through its representation
(Vf,y=Df
Then we define a gradient V™ associated with M by
VMf(x) := mrm (VS ()

and if we have an orthogonal basis (w;) of T,M
Dyf (w1)

Dyf (wy)

for an orthogonal basis (w;) of TM. If we take that for a definitions, then using matrix notation, it’s
also easy to show that this notion is independent of the chosen basis, which is already evident from
coordinate-free definition. If we have another orthogonal basis (w;) = (u;)P, where P is orthogonal,
then (w') = P*(u") and thus (w;)(Df (W) = (u)P(DfP*(u)) = (u)PP'Df (u") = (u)Df (u")

V() = (W1, o, W) = (W) (Dxf (W)

If for two vectors a, b by ab we right their scalar product, then we can introduce divergence of X : M —
R"™*™ on M by choosing a basis (wy, ..., wy,) of TyM and setting

divy X (x) = (w;) (VWX (x))

where X = (X i)ie[[l,n+m]] are coordinates in orthogonal extension of (w;). We will need a following
theorem

Theorem: Let M € R™™ be a n-dimensional C* bounded submanifold-with-boundary. Then we have a
following result

f divy XdH" =f XvdH™ 1 for every X € C1(M, TM)
M M

where Vv is an orthogonal unitary vector to the boundary pointing outwards.
This theorem, proposed in [Simon, 1983], is crucial for further development of geometric measure theory
notions.

We will now present a proof for the C? case, as this regularity allows us to utilize coordinates and integrate
by parts. For this section, we assume that X(x) € T, M. Let us the consider an orthonormal basis (w;)
of TyM which is extended by vectors (w}) to an orthonormal basis of R™*™. Furthermore, consider
curvilinear coordinates (c*) : MNU — R®NV (C2-diffeomorphism), to which we can associate a standard
basis

owJ , ow'J
€= Wige W dct
Lw‘“\\
) .
w o CCL)

AW S m R“(\\!
R
[\I\

which consists of tangents to the coordinate curves. Thus, (¢;) form a basis, whose vectors vary with
position and are associated with coordinates. In coordinate-free language this basis is an image of standard
basis e; of R™ by (D,(c"))~. By (w!) here, we denote the standard coordinates associated with basis
(w;). In the following discussion all expressions are evaluated at a point x; moving to a different point
necessitates selecting a new tangent basis. Given that (c;) varies smoothly (C1), we can differentiate them
and naturally define the following coefficients, called Christoffel symbol:

Kk aCi
clji = ﬂrxm(m)
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Indeed, we observe symmetry in lower indices since

dc; . 0 owt - otwt  otwh -
TxM(acl) B ﬁ(wlﬁ) = Wigddact T Yacia T U

Also in a new basis (c) we have scalar product, which is usually denoted by

_ _ ow' aw'
(er.Ck) = gk = acl ack
which is also symmetric. If we then rewrite the equality for I', we get

92w/ e ow/

_ k
wjacfaci = ckF]l w]a kl"

The metric defines an isomorphism ¢ from our space T,;M to its dual space T,M* by

P(e) = (ci") = Gime™ ® ¢™¢; = gyic*

The components g;; form a matrix representation of ¢ in local coordinates. Consequently, the matrix of
¢~ tis (g; j)_l. Associated with this ismorphism, we can then construct a dual product by

Y =0T =0T (Gme! @ ™) = gimd TN ) ® ¢ (e ™)
= gim(girer) ® (Gmier) = Siner ® gmier = grirer @ ek
Usually we write (-, -)* = g™*w,, ® wy. Let X’ denote X rewritten in new coordinates, i.e.
Xwh, .., wh) = X' (.ct(wh, .., wh)..)

Now we take a partial derivative of both sides. In this step, it is crucial that X has values tangent space,
as this allows to write X in the curvilinear basis

o o . o . ack ax'P o
WWiX = T[TXM(mch ) = T[TxM(mch )F) (cp 6 - t T[TXM( ) )awf
p k a 4% k le k

— 0X Fl X'p dc _ F Xll — Flel
_(cpﬁ‘i'cl Pk )m—(cp 5cx T enlik )6 7 Cp(a o Tk )ﬁ

Then we can calculate divergence formula at x by

. ox® . ock ow' ax'e o ack
leX=Wj WWX wj-cp(W+Fl‘kX )m=wj.Wim(W+ lk )a ¥
_ockow ax'® ) ) ¢
= gwl aer Cack T 0N = 5 (Gar + T = o + TipX
For the next part we are differentiating g;,,
0 a ow'_ow' oaw! a9 ow! ow! __ow'  ow'aw!

ack 3 acm 3 (Gekgom) = o gem ¥ et ger em = Imrlia ¥ GurTim

ok Iim =
Now lets consider a following quantity

9gr | 09k 0gm
dcm aclm - acrz = ngFTT;ll + ngFTT;lk + gkrrlrm + gmrl—‘l’;c - gmrrlrl - glr[‘l?cﬂm = ngrl—‘r?rdll

And if we multiply both sides by 1/2g%* we get

1 gkt 0Gkm  09mu
k _ _ K
9" GirT = 67Ty = Ty = Ega (acm T T Gk )

Now lets take Cristoffel symbol from divergence formula and develop it

1 091 99kp agpl 1 agkp

p k
g g7( dcP act )= dct

Pl_z

Now knowing that 0y (det A) = det(A)tr(A~10,A) and writing g = det(g; ;) we have

_ 0,9
970191y = 1 ((Gkp) 101 (Gkp)) = —
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And since 0j/g = ﬁal‘g we have

rr 16\/_
= — g
N

and finally we can rewrite divergence formula as

1
divX = 0,X'P + —a;\/gX"t = —fa X'P + —0d,/gX'P = —a L(VGX'P)
Y N Vg «/_ P N

Proof: Since M is compact we can find a finite open cover U; of M such that at every U; we find a
local coordinate system. We can associated a C® partition of unit (3;) on M associated to U; such that
Y; € C2(U;) and Y, ; = 1. We shall write O; = U; N M. And by linearity of equation we want to prove,
we can prove it just for ¥; X, or without loss of generality we will write just X. Let coordinates take values
in

If patch U; is disjoint from dM, then V; are open and X is of a compact support inside V; and we can
integrate by parts

. . 1 .
9;1x/\/gdc = — f 10;(X/'Vo) = — f ﬁaj(xa@\/ydc =— | divyXdH"
1%

Vi Vi i U;
Thus inner patches have no contribution. Lets take a patch U; that intersects boundary. By definition of
submanifold-with-boundary we can introduce coordinates c* such that {c, = 0} = dM N U; and c,, has

values only in (—oo, 0]. This time X does not have a compact support inside V; and thus in integration by
parts we have the 2 terms

0 =f alej\/Edc = —f divy XdH™ +f X™(c',0)4/g(c’,0)dc’
Vi Ui

RN-1

And as we can chose such coordinates, that X™(c¢’,0) = v - X(c’,0) we have

divy XdH™ = f V- XdH"1

U; oM

Definition: Let v; be an orthonormal basis of T,,M which is C? function of y. Then we can define the second
Sfundamental form By, : T,M X T,M — (T,,M) by setting B, (t,n) := —(n - D,,(v;))(t))v;

Lets verify that this definition is independent from the choice of v;, thus let w; be a different orthonormal

basis. Then they are related with an orthogonal matrix v; = Oi} w;. And if we compute coordinate change
we get

(n- Dy (v)()v; = (- Dy (0{w)(£))OFwy = (n - Dy (0])(t)w; + O/n - D (w;)(£))O¥wy,
= (0/0F(n- Dy(w))(©)IWi) = (1 Dy (W) (£)) Wy

Lety : [ > M be a C? curve. It’s tangent is t = ¥’ and its curvature is k = y” and we suppose |t| = 1.
Now lets differentiate a following expression

d
—t'Vi+t‘

O—dt =
_ds( Vi)_ds

gvi =K-vi+t- D(Ul')(t)

Thus we get coordinates for normal curvature ky = —(t - D(v;)(t))v; = B(¢, t)
Similarly, if ¢ : U € R? - M, then

2 2

0
— (=% V)= m¢'vi)+a—h¢'a—xzvi(¢(x1,xz)) x,07, ¢ v)+ ¢ DVL(—)

6x2 axl

And thus B( a¢ a¢ ) =( 1 and we remark that B is symmetric.

0x, ax)

Definition: We deﬁne the mean curvature vector Hy, of M at y to be trace By; thus
Hy = y(ti:ti)

where (t;) is an orthonormal basis of T,M.
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If we rewrite this definition and recall the definition of divergence, we obtain
Hy = —(t; - Dy, (vi)(vi))v; = —divy (v;)v;
Let X be a vector field, then X1 = (v; - X)v; and if we take divergence on M, we get
divy Xt = (v; - X)divyv;
because other components are in orthogonal space. Thus we conclude
divy Xt =-H-X

and recalling the integration theorem, we get

f divy XdH™ = f v XdH™ 1 — f H-XdH™
M oM M

7 Variations

Let’s suppose that we have X an n-dimensional C! submanifold of R**™ and an open set U. Let’s fix a C?
map ¢ : (—1,1) X U = U and a closed subset K C U such that:

1. ¢ := ¢(t,-) is a C1-diffeomorphism for every t
3. ¢¢lge = id for every t

Thus ¢ is a controlled geometrical variation of K. Let V := 0;¢(0,-) be a velocity vector field and
A := 02¢(0,-) an acceleration field, then

tz
¢(t,) =id+tV + ?4 + o(t?)

Lets note M := ¢(-,Z N K) and Y; := ¢¢|s

Definition: By first and second variations of families M we mean following derivatives H™(M)'(0) and
H™(M)" (0).

If we recall the area formula then we can compute variations as a function of ¢
@) = [ apodsr
M(0)

Thus we construct a map

tz
Dy : TyX » R™™ =id + tD,V + 5DXA + o(t?)

Lets chose an orthogonal basis T for T,M and an orthogonal basis e for R"*™. Then in those basis we can
write matrix of D, ;.

£2
(Dbl = 7 + EDLVH(xr) + = DeAl (7)) + 0(t%)
To calculate Jy, we need to know (Dyi))* o (Dyify)

2
(D) o Dbl = DDl = Y (2h+ DV () + SD,Al(T)) + 0(22)
tz l l
(¢t + EDVI (@) + 5 DA (T +0(E%)
= T]' *Ti + t(T] . DxV(Tl') + T;- DxV(TJ)) + tz(%(l—] . DXA(Ti) + T DxA(TJ)) + DXV(Ti) . DxV(T])) + O(tz)

This can be abstracted as [ + tS + t*T and we want to calculate a development of determinant of it. We
have a Jacobi formula det(N(t))’ = det(N(t))tr(N(t)"N’(t)) and it’s derivative

det(N(t))" = det(N(t)) tr(N(t)"IN'(t)) + det(N()tr(—N () "IN'()N(£)"IN'(t) + N(t)"IN" (1))
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and is we replace N (t) = I +tS + 2T, then det(I + tS+t2T)" = det(I + tS+t2T)tr((I +tS+t>T) (S +
2tT)) and at zero we have a following equality det(N(t))'|¢=¢ = tr(S) and for a second derivative we

have
det(N(t))"|t=o = tr(S)? — tr(S?) + 2tr(T)

Thus we can write a Taylor Polynomial

2
det(l +tS + t2T) = 1 + ttr(S) + %(Ztr(T) —tr(§2) + tr(5)?) + o(t?)

In our case we are calculating det((Dy1:)* o (Dx0r)) = J(W]¢)(x))?

tr(S) = Z(ri DV (r) + 1, DV (zp) = 2divgV (x)

tr(T) = divgA + Z DV (z)[2
i

tr(S2) = (t; - DV (7)) + 7j - DLV (1)) (1; - DyV (1)) + Tj - DV (1)) = 2(1; - DV (7))(Tj - DV (1))

And for Taylor Polynomial of a root we have
1 1
Vi+x= 1+5x—§x2+0(x2)

And composed Taylor Polynomial will be

1 t? 1
J1+(at+bt?) =1+ Sat+ 7(b - Zaz) + o(t?)

In our case the value for a is
a = 2divyV (x)

And thus we can express the first variation
det(M (1))’ |t=0 = divsV (x)

For b the expression is a little longer
b = 2(divgV (x))? + (divgA + Z IDV (7)1?) = (7; - DoV (7)(7) - DV (1))
i
And we have an expression for the second variation

det(M(t))"|¢=0 = (divzV (x))* + (divzA + Z IDV()I?) = (xi - DRV (T))(7) - DV (1)

8 Varifold

An m-dimensional varifold V is a Radon measure over R" X G (n, m) endowed with a product topology.
We say ||V|| is a measure in R™ that is reciprocal projection of a varifold V by ;1.

Proposition: For varifolds we consider weak-* topology. Then we have a convergence criteria thatV; - V if
and only if

[ ravi [ rav

for every continuous function f : R™ X G(m,n) — R with a compact support.

Remark: Varifolds allow us separate the notion of a tangent plane from geometric properties (a similar
idea is actually used for normal maps in computer graphics). They allow us to consider possibly many
planes at the same point with different masses and also to change the mass of geometric figures.

Thus, if we have a surface M, we can consider varifolds of the kind H™. M @ T, where T is a Radon
measure on the Grassmannian. Or, if we want to be even more precise, we can have a tangent function
T that provides a tangent at a given point and a mass function 6. Then, we consider a varifold of type
f =[x Tx)0(x)dH™. And we are free to choose tangents.
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Sometimes, a choice for a tangent space can be made naturally. Then, for example, to an n-rectifiable set
E, we can naturally associate a varifold v(E, 8) by introducing the following functional

awfw=qufwnmeuwﬂW f € C(R™, G(m, m))

if & = 1 we note such varifold as v(E), if 6 € Z, we say that varifold is integral.

Definition: We say that a varifold V has a tangent space T with multiplicity 8 € (0, ), using a similar
idea as for limit planes. That is to say, if
Ver = 60(T)

Where V. - is a varifold passed through a dilation mapping at x with renormalisation coefficient, i.e.

Ver(A) :=1r""V({(ry + x,5) | (,5) € A})

Definition: By analogy to the variation of submanifolds, one can define first variation of varifolds as a
following functional

8V : X € CL(R™, R™) - divgXdV (x, s)

RnXG¢n

If it happens that first variation is continuous, which is true for rectifiable varifolds. We can decompose
first variation by Riesz’s representation theorem and Radon-Nykodim theorem into two parts, with respect
to mass measure as

8V = —Hd||V|| + 6V°

Where §V* is a singular part of the decomposition, which is just a restriction of the first variation on the
set where Radon-Nykodym derivative explodes. This part corresponds to the integration on the boundary
for manifolds. Here, H is a generalized mean curvature, and in the case when the varifold is actually a
rectifiable set, it is precisely its mean curvature because of the uniqueness of the decomposition.

8.1 Examples

Let’s consider an arc of radius 1 of center (0, 0) starting at (1, 0) and ending at (—1, 0) with a mass 8 and
call it A as a varifold, then

divyX = 9., (X%, + X"e;) e, = 0., X+ X"

Then, the result for a first variation is

SA(X) = f (0, X% + X7)0dH! = j Do, X7OdH + f XTdal = [X90]F — f X0, 0dH* + j XTdwl
A A A A A

= [X%0]F — f X - (3e,0eq — Oe,)dH?
A

Thus, a singular term is [X#8]§ which corresponds to integration on the boundary with a correction for
anew mass 0. Then, the curvature vector is H = 9. 6e, — 0e,, which deviates from a standard one by
scaling in the orthogonal direction by mass 6 and by a gradient of 8 in the tangent direction.

Let’s consider a segment S = [a, b] of a horisontal line in R2, and lets construct a varifold of S which
tangent plane is orthogonal to S at every point. Then,

6V(X) = f diVSLng'[l = f(azX) . eng'[l = f(azx)d}[l ey = BZJ-XZdj'[l
S S S N

And we get a perpendicular direction on the boundary. We can also remark that in this case the functional
6V is no longer continuous for a supremum norm on the function space. We can have a sequence of
functions that uniformly converges to 0, but perpendicular derivative is positive and uniformly converges
to the infinity.
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