
 Analyse II : Intégration et approximation 

MAT1009L  /  séquence 4  /  printemps 2016

cours de Francis Clarke

CM9 : 

1. Le polynôme de Taylor
2. Les développements limités
3. DL d’une somme, d’un produit
4. Le DL d’une fonction composée
5. Ce qu’il y aura sur le DS 2

Analyse II  Calendrier 2016 (les mercredi)

27 janvier   cours      TD
3 février    cours       TD
10 février   cours       TD
17 février   cours       TD                     
24 février   cours       TD  (congé de travail intensif chez soi)
2 mars       cours       TD
9 mars        cours       TD
16 mars      cours       TD  (CC en commun, on ne participe pas)
23 mars      cours       TD
30 mars      cours       TD
6 avril        cours       TD
13 avril      cours       TD
20 avril      cours       TD  (congé de travail intensif chez soi)
27 avril      cours       TD
4 mai         cours       TD 

CC final : entre le 30 mai et le 8 juin

partiel 1

DS1

DS 2 

partiel 2 

1

2

Le cours est en trois parties :

1. Intégration
2. Fonctions élémentaires
3. Développements limités et 
   approximation

Mais comment calculer les logarithmes
 nécessaires à la méthode?

On a vu que les logarithmes permettent de 
réduire de longs calculs (multiplication, 
division, racine) en simple addition et 
soustraction

a

b
? ln

�
a

b

�
= ln a − ln b

rappel
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Euler trouve

e ≈ 2,71828182845904523536028

Comment fait-il?

un grand calculateur
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Friden Model STW-10 Electro-Mechanical Calculator

Updated 11/28/1999

A machine identical to this has a special place in my personal history. Back in the early '60's, when I was just a child
living in Seattle, Washington (my birthplace), one of our neighbors owned a business which involved use of a
calculator to generate dairy tank calibration charts. My parents were very good friends with these neighbors, and in
fact, they were named my Godparents when I was born. The calculator that was used to grind through the
interpolation process to generate these dairy tank charts was a Friden STW-10. My Godmother would take the
worksheets generated by her husband in the field and use the Friden to perform the math necessary to generate a
final chart giving the total number of pounds of milk in the tank based upon a 'dipstick' reading. When my Mom had
errands to do, my Godmother would regularly babysit me and my little brother. Many times, during the time she was
watching us, my 'Auntie', as I called her, would be hammering away at the Friden, working on generating the charts.
To this day I can still vividly remember the spinning numbers and wonderful mechanical noises that machine made in
operation. I credit the time spent watching her operate that machine to sparking an interest in Mathematics and
numbers that set the stage for my career working with computers.

An old (Early 1950's) Friden ink-blotter advertisement, showing a Friden Model ST-W

The Friden Calculating Machine Co., Inc., was founded in the 1930's by Swedish-born Carl M. Friden. Once customers
purchased and started using the machines, Friden calculators quickly gained the reputation of being the 'Cadillac' of
calculators. In fact, early Friden advertising literature self-proclaimed the machines as the "Aristocrat of Calculators".
The precursor to the STW-10 was the model ST. The ST could automatically perform all four math functions. Friden,
the perfectionist that he was, was personally involved in the mechanical design aspects of his machines. As a result of
his skills and dedication, along with other gifted mechanical engineers that he hired on at Friden, they ended up with a
machine that was fast, extremely durable, reliable, and easy to use. The ST was a very successful seller, and enjoyed
a long production run which lasted through World War II. After the war, a refined version of the ST was created, and
re-introduced as the STW-10 in 1949. There were some feature and cosmetic changes (most notably changes in
colors used to minimize user fatigue) from the ST to the STW-10, but the internal workings were virtually the same as
the ST. The STW-10 was immensely popular, and because of its popularity, it remained in production through 1966. In

1965, Friden introduced the world to all-electronic, transistorized calculators with the Friden EC-130 which marked the
beginning of the end of Friden's mechanical calculators.

Front Cover of the Friden STW-10 Operators Guide

Back in the days where electronic computers were in their infancy, the common method of performing large scale
mathemetics was to have large rooms full of 'computers' (back in those days, a 'computer' was a person who's job it
was to perform math operations), each having their own mechanical or electro-mechanical calculator. Insurance
companies were one of the biggest users of these hybrid human/machine 'computers', generating the actuarial tables
that determine the rate paid by policy holders for life, auto, and business insurance. Friden electromechanical
calculators were a common fixture in such installations because of their rock-solid reliability.

The Carriage

There are three major parts to the STW-10. First, the carriage. The carriage is like that of a typewriter, being able to
move to the left and right. On the carriage are two rows of mechanical number displays. The 'top' row is the
accumulator, which can accumulate results up to 20 digits long. Just above the accumulator number windows are
small dials which the operator can use to manually adjust the numbers in the accumulator. This manual adjustment
feature was commonly used to do 'round-off' operations, which the calculator didn't have the brains to do itself.
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The STW-10 can perform the four basic functions completely automatically. Addition and subtraction are very
strightforward -- enter a number on the 'big' keyboard, and press the [+] key to add to the accumulator, and the [-] key
to subtract from the accumulator. Negative results, or overflow of the machine, causes a bell to ring to warn the user.

Left Side Sans-Cover

Multiplication is a little different. The multiplier is entered in the 'big' keyboard, and the multiplicand is entered digit at a
time into the multiplication keyboard at the left side of the machine. Then, the [MULT] key is pressed, and the machine
proceeds to carry out the multiplication, working right to left, by doing repeated adds and shifts of the carriage to result
with the product in the accumulator, and the multiplicand ending up in the counter register. An extension to the multiply
operation is that the product can automatically be added to the number already in the accumulator.

Right Side View

Division is a bit more complicated, but still automatic. One oddity is the appearance of two divide keys on the
keyboard. Apparently this was a result of another calculator company having a patent on a "single key" divide function,
which Friden's lawyers were concerned enough about to insist that the machine not have a single key for division. In
fact, the left division key is what actually triggers the division to take place, but, if actuated by itself, the resultant
quotient will be the 10's compliment of the expected result. The right divide key switches the mode of the counter
register (where the quotient is accumulated) so that it increments instead of decrements during the repeated
subtraction process that makes up division. So, in order to get the expected answer, both [÷] keys must be pressed at
once.

Rear View

To perform division one must first press a small button on the carriage which indicates where the decimal point should
be situated in the quotient. Then, the dividend is entered on the big keyboard, and the [ENTER DIVD] button is
pressed. This shifts the carriage over to the position indicated for the decimal point, and enters the dividend into the
accumulator. Then, the keyboard is cleared (if the "ADD" mode selector is on, the keyboard clears automatically,
however, if it is off, the keyboard must be cleared manually with the [K B CLEAR] key), and the divisor entered into the
big keyboard. Then, BOTH [÷] keys are depressed simultaneously, and the machine begins a process of shifting the
carriage to the right to find a point where the divisor can start to be subtracted from the dividend. Once that point is
found, then successive subtractions of the divisor occur until an overdraft (e.g., the accumulator goes negative)
occurs, and each subtraction is counted in the counter register. A single addition of the divisor corrects for the
overdraft, and then the carriage shifs to the left, and the process repeats until the quotient is left in the counter register,
and the remainder is left in the accumulator. By the way, the overdraft bell is inhibited during division...the machine is
noisy enough as it is without the bell ringing during a division.

A video clip of the STW-10 in operation is available for download. To check out the video, click HERE.

An interesting place to visit to learn more about Carl Friden, his company, and his calculators, is Frank Rauck's
"Fridenites Web Page".

Many thanks to Nicholas Bodley, former Friden Employee, for helpful input and facts contained in this document

Text and images Copyright ©1997-2008, Rick Bensene.

A Close-up of Number Dials on the Carriage

Mechanicals Underneath the Carriage

The 'bottom' row of digits is the counter register, which serves as an item counter when doing addition and subtraction,
and performs counting operations during multiplies and divides. The counter register has a capacity of 11 digits. Just
below the counter register is a set of numbered pushbuttons that are used to set the decimal point position for division
operations. To the right of the carriage are two 'slider' type controls which allow the accumulator and/or counter
registers to be cleared manually.

The main keyboard

The next major part is the main keyboard. In contrast to calculator keyboards that people are used to nowadays,
where each digit of a number is typed in sequentially, digits are entered 'in parallel' on the main keyboard. Sequential
digit entry would have required much more complex mechanisms, which would have made the machine more
expensive. Rather, each digit is entered in a separate column of keys ranging from 1 through 9 (zero was implied by
having NO key pressed in a column). The 'blank' keys at the bottom of each column 'clear' the column of any entry (the
digit keys lock down once pressed) in case of entry error, and a "K B CLEAR" key releases all of the keys in the main
keyboard.

The multiplier keyboard

The last major part of the calculator is the multiplier keyboard. This zero-through-nine keyboard is serial entry like
today's calculators. It is only used for entering the multiplicand in multiplication operations. A small window above the
keyboard shows the multiplicand as it is entered digit at a time. Numbers up to 10 digits long can be entered into the
multiplicand register.

Multiplier Display Register Workings A Close-up of Number Dials on the Carriage

Mechanicals Underneath the Carriage

The 'bottom' row of digits is the counter register, which serves as an item counter when doing addition and subtraction,
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below the counter register is a set of numbered pushbuttons that are used to set the decimal point position for division
operations. To the right of the carriage are two 'slider' type controls which allow the accumulator and/or counter
registers to be cleared manually.

The main keyboard

The next major part is the main keyboard. In contrast to calculator keyboards that people are used to nowadays,
where each digit of a number is typed in sequentially, digits are entered 'in parallel' on the main keyboard. Sequential
digit entry would have required much more complex mechanisms, which would have made the machine more
expensive. Rather, each digit is entered in a separate column of keys ranging from 1 through 9 (zero was implied by
having NO key pressed in a column). The 'blank' keys at the bottom of each column 'clear' the column of any entry (the
digit keys lock down once pressed) in case of entry error, and a "K B CLEAR" key releases all of the keys in the main
keyboard.

The multiplier keyboard

The last major part of the calculator is the multiplier keyboard. This zero-through-nine keyboard is serial entry like
today's calculators. It is only used for entering the multiplicand in multiplication operations. A small window above the
keyboard shows the multiplicand as it is entered digit at a time. Numbers up to 10 digits long can be entered into the
multiplicand register.

Multiplier Display Register Workings
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Votre calculette actuelle 
(bien plus petite)

 vous dit que

et

Comment fait-elle?

sin 1 = 0, 84147098

π = 3, 1415926

Fait: Nous savons, depuis longtemps, 
calculer les racines carrées à la main

calcul des logarithmes
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Lessons
Learn how to TEACH concepts
or about general concerns in
math education. 

Reviews
In-depth reviews of math
products 

Math help & tutoring
A list of free message boards,
math help websites, and online
tutoring services. 

Fun and games
I have two games on my site,
plus links to many. 
Game: Choose Math Operation
Word guess game (easy
hangman)
Word guess game (difficult)

 Search

schools in days before calculators.  See the example below to learn it. While learning this
algorithm may not be necessary in today's world with calculators, working out some
examples can be used as an exercise in basic operations for middle school students, and
studying the logic behind it can be a good thinking exercise for high school students.

Example: Find !645 to one decimal place.

First group the numbers under the root in pairs from right to left, leaving either one or two
digits on the left (6 in this case).  For each pair of numbers you will get one digit in the square
root.  
To start, find a number whose square is less than or equal to the first pair or first number,
and write it above the square root line (2).

2
!6.45

2
!6.45

 - 4
245

2
!6.45

 - 4
(4 _) 245

2
!6.45

 - 4
(45) 245

Square the 2, giving 4, write

that underneath the 6, and
subtract.  Bring down the next
pair of digits.

Then double the number above

the square root symbol line
(highlighted), and write it down
in parenthesis with an empty
line next to it as shown.

Next think what single digit

number something could go on
the empty line so that
forty-something times
something would be less than
or equal to 245.
45 x 5 = 225
46 x 6 = 276, so 5 works.

2 5
!6.45.00

 - 4
(45) 245

- 225
20 00

2 5
!6.45.00

 - 4
(45) 245

- 225
(50_)20 00

2 5 . 3
!6.45.00

 - 4
(45) 245

- 225
(503)20 00

Write 5 on top of line.  
Calculate 5 x 45, write that 
below 245, subtract,  bring
down the next pair of digits (in
this case the decimal digits
00).

Then double the number
above the line (25), and write
the doubled number (50) in
parenthesis with an empty line
next to it as indicated:

Think what single digit number 
something could go  on the
empty line so that five
hundred-something 
times something would be  less
than or equal to 2000.
503 x 3 = 1509
504 x 4 = 2016, so 3 works.

2 5 . 3
!6.45.00.00

 - 4
(45) 245

- 225
(503)20 00

- 15 09
491 00

2 5 . 3
!6.45.00.00

 - 4
(45) 245

- 225
(503)20 00

- 15 09
(506_) 491 00

2 5 . 3 9
!6.45.00.00

 - 4
(45) 245

- 225
(503)20 00

- 15 09
(506_) 491 00

Calculate 3 x 503, write that 
below 2000, subtract,  bring
down the next digits.

Then double the 'number' 253
which is above the line
(ignoring the decimal point),
and write the doubled number
506 in parenthesis with an
empty line next to it as
indicated:

5068 x 8 = 40544
5069 x 9 = 45621, which is less
than 49100, so 9 works.

Thus to one decimal place, !645 = 25.4

Visitor comments

I vaguely recall learning the square root algorithm in K-12, but frankly, I see no value in this
algorithm except as a curiosity. And I am not of the "reform" crowd. I fully believe students not be
given a calculator to use until advanced algebra or pre-calculus, and then only a scientific

calculator (not graphing). Do you really believe student at the K-7 level will understand how/why
this algorithm works? 

I was happy to see that you recommended the "estimate and check" method. This is what I also
recommended to my daughter, who is now studying square roots in her home school curriculum.
The "estimate and check" method is a good exercise in estimating, multiplying, and also
memorizing perfect squares. 

Another method, more suitable for students in an algebra class, would be to simplify the radical
using the accepted method. Then find the remaining square root with an estimation method. For
example, To find SQRT(1400), simplify to SQRT(100)*SQRT(14), which is equal to 10*SQRT(14).
Then find SQRT(14) by an estimation method. For square roots of perfect squares, no estimation

New! Times Tales is
now on DVD!

The fast, FUN, and easy
way to learn multiplication.
Learn the upper times tales
in two sittings using
mnemonic stories.

Ads by Google

Elementary Math
Teaching Math
School Math Help

exemple
Calculer√
645

(25,39)2 = 644,7

(25,397)2 = 645,01

Avant Euler, afin de calculer les 
logarithmes, on utilise la 
méthode de la passoire:
 

9

10

On calcule
√
10 = 3, 1622777

Mais log
√
10 = 1

2
log 10 = 0, 50000000

Donc log 3, 1622777 = 0, 50000000

On sait que log 10 = 1, 0000000

On trouve ensuite

�
3, 1622777 ≈ 1, 7782794

dont le logarithme vaut 0, 2500000

•
•
•

•
•
•

nombre logarithme
10
3,1622777
1,7782794
1,3335214

1,0011249
1,0005623
1,0002811

1
0,50000000
0,25000000
0,12500000

0,00048828
0,00024414
0,00012207

101/2

101/4

101/8

101/2048

101/4096

101/8192

(8192 = 213) lim
k→∞

101/k = 1

•
•
•
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nombre logarithme
10
3,1622777
1,7782794
1,3335214

1,0011249
1,0005623
1,0002811

1
0,50000000
0,25000000
0,12500000

0,00048828
0,00024414
0,00012207

•
•
•

•
•
•

une passoire

On veut calculer log 5
On prend des racines carrées 

successives :
√
5 = 2, 2360680

�√
5 = 1, 4953488 . . .

51/4096 = 1, 0003930

(212 = 4096)

•
•
•

13
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nombre logarithme
10
3,1622777
1,7782794
1,3335214

1,0011249
1,0005623
1,0002811

1
0,50000000
0,25000000
0,12500000

0,00048828
0,00024414
0,00012207

•
•
•

•
•
•

la passoire
51/4096 =

1, 0003930

≈ 0, 000170646

Par interpolation linéaire, 
on calcul le logarithme de 

log 51/4096 =
1

4096
log 5 ≈ 0, 000170646

=⇒ log 5 ≈ 0, 698966

(En fait, log 5 = 0, 698970)

51/4096

≈ 0, 000170646

Astucieux, mais quel effort!
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Une innovation due à Isaac Newton: 

le binôme de Newton

21/02/11 13:06Isaac Newton

Page 1 of 1

rappel

Exemple.

�
3

0

�
= 1,

�
3

1

�
= 3,

�
3

2

�
= 3,

�
3

3

�
= 1

=⇒ (a + b)3 = a3 + 3a2b + 3ab2 + b3

Les coefficients binomiaux usuels sont définis par

�
p

k

�
=

p!

k!(p − k)!

=
p(p − 1) · · · (p − k + 1)

k!
,

où p et k sont des entiers positifs, k � p.

Notons toutefois que la deuxième formule a un

sens même si p n’est pas un entier. On a

(par convention)

�
p

0

�
= 1 .

17

18

(1 + x)p = 1 + p x +
p(p − 1)

2!
x2 + · · · +

p(p − 1) · · · (p − k + 1)

k!
xk + . . .

=
∞�

k = 0

�
p

k

�
xk où

�
p

k

�
:=

p(p − 1) · · · (p − k + 1)

k!
,

�
p

0

�
= 1 .

=
n�

k = 0

�
n

k

�
xk si p = n ∈ N∗

Cette série s’appelle le binôme de Newton; notons séparément trois
cas spéciaux qui sont souvent utiles:

1

1 − x
= 1 + x + x2 + x3 + · · · + xn + . . .

1

1 + x
= 1 − x + x2 − x3 + · · · + (−1)n xn + . . .

√
1 + x = 1 +

1

2
x −

1

8
x2 +

1

16
x3 − . . . .

binôme de Newton

application aux racines carrées

√
5 =

�
4 ×

5

4
= 2 ×

�
1 + 0, 25

≈ 2 ×
�
1 +

1

2
(0, 25) −

1

8
(0, 25)2 +

1

16
(0, 25)3

�

≈ 2, 236

Alors 2, 236 × 2, 236 = 5, 000.

On ne peut pas mettre x = 4 afin de calculer
√
5 :

√
1 + 4 = 1 +

1

2
4 −

1

8
42 +

1

16
43 − . . . .

on fait

exemple: √
5 la série converge si | x | < 1...

√
1 + x = 1 +

1

2
x −

1

8
x2 +

1

16
x3 − . . . .
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Plutôt que de passer par la 
passoire et ses racines carrées, 
Euler développe des 
approximations par des 
polynômes

ln
1 + x

1 − x
= 2

�
x +

x3

3
+

x5

5
. . .

�
Euler: approximation par les polynômes 

ln(5/4) = 0, 223143 (mettre x = 1/9)=⇒

ln 5 = ln(5/4) + ln 4 = ln(5/4) + 2 ln 2 = 1, 609413

=⇒

ln 2 = 0, 693135 (mettre x = 1/3)=⇒
6 termes 

de la 
série
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On commence par un théorème 
de Cauchy 

Nous allons expliquer la provenance 
et l’utilisation de cette approche

(et du binôme de Newton)

Augustin-Louis Cauchy

Cauchy around 1840. Lithography by Zéphirin
Belliard after a painting by Jean Roller.

Born 21 August 1789
Paris, France

Died 23 May 1857 (aged 67)
Sceaux, France

Nationality French
Fields Mathematics
Institutions École Centrale du Panthéon

École Nationale des Ponts et
Chaussées
École polytechnique

Alma mater École Nationale des Ponts et
Chaussées

Doctoral
students

Francesco Faà di Bruno
Viktor Bunyakovsky

Known for See list

Augustin-Louis Cauchy
From Wikipedia, the free encyclopedia

Baron Augustin-Louis Cauchy (French pronunciation: ![ogys
ˈtɛ" lwi koˈʃi]) (21 August 1789 – 23 May 1857) was a
French mathematician who was an early pioneer of
analysis. He started the project of formulating and proving
the theorems of infinitesimal calculus in a rigorous
manner, rejecting the heuristic principle of the generality
of algebra exploited by earlier authors. He defined
continuity in terms of infinitesimals and gave several
important theorems in complex analysis and initiated the
study of permutation groups in abstract algebra. A
profound mathematician, Cauchy exercised a great
influence over his contemporaries and successors. His
writings cover the entire range of mathematics and
mathematical physics.

"More concepts and theorems have been named for
Cauchy than for any other mathematician (in elasticity
alone there are sixteen concepts and theorems named for
Cauchy)."[1] Cauchy was a prolific writer; he wrote
approximately eight hundred research articles and five
complete textbooks. He was a devout Roman Catholic,
strict Bourbon royalist, and a close associate of the Jesuit
order.

Contents
1 Biography

1.1 Youth and education
1.2 Engineering days
1.3 Professor at École Polytechnique
1.4 In exile
1.5 Last years

2 Work
2.1 Early work
2.2 Wave theory, mechanics, elasticity

Vous avez été plus de 50 000 donateurs à nous soutenir
!

Lisez les remerciements de Charlotte, contributrice à
Wikipédia.

Lisez les remerciements de Charlotte, contributrice à Wikipédia.
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Mais surtout, inventeur de 
l’argument epsilon-delta.
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L’extension suivante du théorème des accroissements
finis nous sera utile.

Théorème (de Cauchy). Soient f et g des fonctions
continues sur [a, b] et dérivables dans ]a, b[ telles
que g � ne s’annule pas dans ]a, b[ . Alors
il existe c dans ]a, b[ tel que

f(b) − f(a)

g(b) − g(a)
=

f �(c)

g �(c)
.

Remarque. On a g(a) �= g(b), car autrement il y aurait

un point dans ]a, b[ tel que g �
(z) = 0 (par le théorème

des accroissements finis usuel).

En prenant g(x) = x dans le théorème ci-dessus, on

obtient
f(b) − f(a)

b − a
=

f �
(c)

1
,

c-à-d, justement le théorème des accroissements finis

usuel.

Remarque. Par le théorème des accroissements
finis usuel, il existe c ∈ ]a, b[ tel que

f(b) − f(a) = f �(c)(b − a).

De même, il existe d ∈ ]a, b[ tel que

g(b) − g(a) = g �(d)(b − a),

d’où
f(b) − f(a)

g(b) − g(a)
=

f �(c)

g �(d)
.

Ceci donnerait la conclusion recherchée, si l’on
savait que c = d . . .
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Démonstration (de Cauchy). Soit h la fonction

h(x) := f(x)
�
g(b) − g(a)

�
− g(x)

�
f(b) − f(a)

�
.

On trouve

h(a) = f(a)
�
g(b) − g(a)

�
− g(a)

�
f(b) − f(a)

�

= f(a)g(b) − g(a)f(b)

= f(b)
�
g(b) − g(a)

�
− g(b)

�
f(b) − f(a)

�

= h(b).

Par le théorème des accroissements finis,

il existe c dans ]a, b[ tel que

0 = h�
(c) = f �

(c)
�
g(b) − g(a)

�
− g �

(c)
�
f(b) − f(a)

�
.

Théorème (de Cauchy). Soient f et g des fonctions
continues sur [a, b] et dérivables dans ]a, b[ telles
que g � ne s’annule pas dans ]a, b[ . Alors
il existe c dans ]a, b[ tel que

f(b) − f(a)

g(b) − g(a)
=

f �(c)

g �(c)
.

Application aux limites:
la règle de 
l’Hospital

Quand f(a) = g(a) = 0, le théorème suivant
(dû à Jean Bernoulli, mais portant le nom
du marquis qui lui apportait son patronage)
est un outil qui sert dans certains cas à lever
l’indétermination du quotient f/g en a.
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Théorème (Règle de l’Hospital) Soit I un intervalle ouvert

contenant le point a. Soient f et g deux fonctions

dérivables sur I \{a} telles que

lim
x → a

f(x) = 0 et lim
x → a

g(x) = 0 ,

et supposons de plus que limx → a f �
(x)/g �

(x) existe. Alors

limx → a f(x)/g(x) existe, et

lim
x → a

f(x)

g(x)
= lim

x → a

f �
(x)

g �(x)
.

Remarque. L’énoncé du théorème sous-entend que g �
(x) �= 0

pour tout x �= a suffisamment proche de a.

Le théorème comprend les cas où limx → a f �
(x)/g �

(x) vaut

+∞ ou −∞ .

Calculer

lim
x→ 0

sinx

x
.

On vérifie que la règle de l’Hospital s’applique.
On observe que

lim
x→ 0

[ sinx ]�

[x ]�
= lim

x→ 0

cosx

1
= 1,

d’où

lim
x→ 0

sinx

x
= 1 .

exemple
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On vérifie que la règle de l’Hospital s’applique.

On observe que

lim
x→ 0

[ ex − 1 ]�

[ sin(x3) ]�
= lim

x→ 0

ex

3x2 cos(x3)

= +∞,

d’où

lim
x→ 0

ex − 1

sin(x3)
= +∞.

Remarque. On a lim
x→ 0

1

x2
= +∞, mais lim

x→ 0

1

x
n’existe pas.

exemple
Calculer

lim
x→ 0

ex − 1

sin(x3)
.

L’argument suivant prétend calculer la première

limite ci-dessous par la règle de l’Hospital:

lim
x → 1

x3
+ x − 2

x2 − 3x + 2
= lim

x → 1

3x2
+ 1

2x − 3

= lim
x → 1

6x

2
= 3 .

Pourtant, la limite ne vaut pas 3.

La trouver, en expliquant l’erreur.

On a plutôt:

lim
x → 1

x3
+ x − 2

x2 − 3x + 2
= lim

x → 1

3x2
+ 1

2x − 3
=

4

−1
= −4 .

pas indéterminée

exemple
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approximation d’une fonction f
 par des polynômes

La dernière grande idée du cours:

la série converge si | x | < 1...

binôme de Newton
(1 + x)p = 1 + p x +

p(p − 1)

2!
x2 + · · · +

p(p − 1) · · · (p − k + 1)

k!
xk + . . .

=
∞�

k = 0

�
p

k

�
xk où

�
p

k

�
:=

p(p − 1) · · · (p − k + 1)

k!
,

�
p

0

�
= 1 .

=
n�

k = 0

�
n

k

�
xk si p = n ∈ N∗

√
1 + x = 1 +

1

2
x −

1

8
x2 +

1

16
x3 − . . . .
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Euler: approximation par les polynômes 

ln
1 + x

1 − x
= 2

�
x +

x3

3
+

x5

5
. . .

�

Comment?

f(·)

La dérivée  correspond à une  approximation 
(locale) par une fonction affine 

0

la droite (tangente) x �→ b + mx

b = f(0)

b �= f(0)

m �= f �(0)

le coefficient directeur de la droitem = = f �(0)
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L’approximation est bonne en 0 au sens que

lim
x→0

f(x) −
�
f �(0)x + f(0)

�

x
=

lim
x→0

f(x) − f(0)

x − 0
− f �(0) = 0.

Posons P1(x) := f(0) + f �(0)x,
un polynôme de degré un. Alors on a

lim
x→0

f(x) − P1(x)

x
= 0,

et aucun autre polynôme de degré un
possède cette propriété.

Quel serait le polynôme P (x) tel que

lim
x→0

f(x) − P (x)

x2
= 0?

Ceci est plus exigeant, demande une meilleure 
approximation

Posons P1(x) := f(0) + f �(0)x,
un polynôme de degré un. Alors on a

lim
x→0

f(x) − P1(x)

x
= 0.

Passons maintenant à l’ordre deux.
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Cherchons un tel polynôme P (x) d’ordre deux:

lim
x→0

f(x) − [ ax2 + bx + c ]

x2
= 0?

Forcément c = f(0). Alors la limite cöıncide avec

lim
x→0

f(x)−f(0)
x

− [ ax + b ]

x
= 0 ?

Le numérateur doit tende vers 0 =⇒ b = f �(0).

La règle de l’Hospital peut-elle alors s’appliquer?

lim
x→0

f(x) − f(0) − f �
(0)x − ax2

x2

= lim
x→0

f �
(x) − f �

(0) − 2ax

2x

= lim
x→0

f ��
(x) − 2a

2
= 0 ?

Il faudrait prendre

a =
f ��

(0)

2
=⇒ P (x) = f(0) + f �

(0)x +
f ��

(0)

2
x2

Théorème (Règle de l’Hospital) Soit I un intervalle ouvert

contenant le point α. Soient f et g deux fonctions

dérivables sur I \{α} telles que

lim
x → α

f(x) = 0 et lim
x → α

g(x) = 0 ,

et supposons de plus que limx → α f �
(x)/g �

(x) existe. Alors

limx → α f(x)/g(x) existe, et

lim
x → α

f(x)

g(x)
= lim

x → α

f �
(x)

g �(x)
.
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Résumé à ce point :
Le polynôme d’ordre un qui donne la meilleure approximation

locale de f autour de 0 est

P1(x) = f(0) + f �
(0)x.

On a

lim
x→0

f(x) − P1(x)

x
= 0.

Le polynôme d’ordre deux qui donne la meilleure approximation

locale de f autour de 0 est

P2(x) = f(0) + f �
(0)x +

f ��
(0)

2
x2 .

On a

lim
x→0

f(x) − P2(x)

x2
= 0.

ex

x

5

P1(x) = 1 + x

P2(x) = 1 + x +
x2

2

Analyse II : cours de Francis Clarke : Exercices 6
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Notation de Landau. On écrit

h = oα(g) , ou h(x) = oα

�
g(x)

�
,

lorsque

lim
x → α

h(x)

g(x)
= 0 .

(Ceci présuppose que g(x) �= 0 lorsque x �= α est

suffisamment proche de α.)

On dit dans ce cas que h est négligeable devant g
au point α, ou encore: h est petit o de g en α.

On écrit aussi o(g) au lieu de oα(g) lorsque le choix

de α est évident à cause du contexte.

Le plus souvent, on prendra α = 0 et g(x) = xk
.

lim
x→0

f(x) − P1(x)

x
= 0 ⇐⇒ f(x) − P1(x) = o(x)

lim
x→0

f(x) − P2(x)

x2
= 0 ⇐⇒ f(x) − P2(x) = o(x2)

On dit que f est petit o (en 0) de xp
lorsque f ∈ o(xp

).

On s’autorise l’abus de notation f(x) = o(xp
).

Il est clair que cette classe est stable sous l’addition:

θ1 ∈ o(xp
), θ2 ∈ o(xp

) =⇒ θ1 + θ2 ∈ o(xp
).

On a aussi g(x) × o(xp
) = o(xp

), lorsque g est une

fonction qui est bornée autour de 0.

Il est clair qu’une fonction h qui est petit o de x6

est aussi petit o de x5
; c-à-d, o(x6

) ⊂ o(x5
).

Mais pas vice versa.

Exemple: si la fonction g est de la forme

g(x) = x4
+ exx3 − x16

+ o(x3
),

on peut en déduire que g est petit o de x2
, et l’on écrit

g = o(x2
). Mais on ne peut pas déduire que g est petit

o de x3
, et encore moins x4

.

Remarques sur
 le petit o de
 Landau

La notation o(xp) fait référence à la classe
des fonctions θ(x) ayant la propriété que

lim
x→0

θ(x)

xp
= 0.

Il vient

lim
x→0

h(x)

x5

= lim
x→0

h(x)

x6
× x

= 0 × 0 = 0

On a

lim
x→0

h(x)

x6
= 0
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Approximation d’ordre un et deux

La fonction f étant suffisamment lisse autour de 0,
on a

f(x) = P1(x) + o(x), où P1(x) = f(0) + f �(0)x

ainsi que

f(x) = P2(x) + o(x2),

où P2(x) = f(0) + f �(0)x +
f ��(0)

2
x2

Quand la deuxième caractérisation a lieu,
elle implique la première, car

f ��(0)

2
x2 + o(x2) ⊂ o(x).

Maintenant on considère l’approximation 
polynomiale d’ordre n quelconque
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Soit f une fonction n fois dérivable en un point a. Le polynôme
de Taylor d’ordre n de la fonction f au point a veut dire le
polynôme suivant:

Pn,a,f(x) :=
n�

k=0

f (k)(a)

k!
(x − a)k ,

où k! est le factoriel de k, c-à-d k! = k(k − 1) · · · (2)(1), et où
f (k) désigne la dérivée d’ordre k de f . Par convention, 0! = 1
et f (0) = f .

Donc, par exemple, on a

P4,0,f(x) = f(0) + f �(0)x +
f ��(0)

2
x2

+
f ���(0)

6
x3 +

f ����(0)

24
x4

=
4�

k=0

f (k)(0)

k!
xk

Pn,a,f(x) =

n�

k=0

f (k)(a)

k!
(x − a)k
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Lorsque que l’on a

f(x) = Pn(x) + oa

�
(x − a)n

�
,

où Pn est un polynôme d’ordre n ou moins,
on dit que f admet un développement limité
d’ordre n au point a.

Le polynôme Pn en est la partie polynomiale.

Le terme Rn := f − Pn est le reste. Donc on a

f(x) = Pn(x) + Rn(x) ,

où le reste Rn est négligeable devant (x − a)n

au point a.

En conséquent, Pn est une approximation
locale de f en a d’ordre n.

terminologie

Pn,a,f(x) =
n�

k=0

f (k)(a)

k!
(x − a)k

Définition

Soit f une fonction qui, dans un voisinage
de a, admet des dérivées de tout ordre.

L’expression (formelle) suivante est appelée
la série de Taylor de f en a :

∞�

k=0

f (k)(a)

k!
(x − a)k

Remarque

En général, cette série (impropre!) aura une valeur numérique
bien définie lorsque x est suffisamment proche de a. . .
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existence et unicité d’un développement limité
d'ordre n

Théorème (Formule de Taylor-Young) Soit f une
fonction de classe Cn dans un voisinage du point a,
où n ∈ N∗. Alors le polynôme de Taylor
Pn = Pn,a,f satisfait

f(x) = Pn(x) + oa

�
(x − a)n

�
,

c’est-à-dire,

lim
x → a

f(x) − Pn(x)

(x − a)n
= 0 .

Le polynôme de Taylor Pn,a,f est le seul polynôme
de degré n ou moins qui possède cette propriété.

Démonstration. Dans un premier temps, on veut montrer que P =

Pn,a,f satisfait

lim
x → a

f(x) − P (x)

(x − a)n
=

f(x) − f(a) − f �
(a)(x − a) − (f ��

(a)/2)(x − a)2 − (f ���
(a)/6)(x − a)3 − . . .

(x − a)n

= 0 .

Ceci suit de la règle de l’Hospital appliquée n− 1 fois: prenant n− 1

dérivées, le numérateur devient

f (n−1)
(x) − f (n−1)

(a) − f (n)
(a)(x − a) ,

le dénominateur devient n!(x − a). Alors on écrit

f (n−1)
(x) − f (n−1)

(a) − f (n)
(a)(x − a)

n!(x − a)
=

1

n!

�
f (n−1)

(x) − f (n−1)
(a)

x − a
− f (n)

(a)

�
,

ce qui tend visiblement vers 0 lorsque x tend vers a, par la définition

même de f (n)
(a).
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L’unicité. Si P et Q sont deux polynômes de degré n ou
moins qui satisfont

lim
x → a

f(x) − P (x)

(x − a)n
=

f(x) − Q(x)

(x − a)n
= 0 ,

alors g := P − Q est un polynôme de degré n ou moins tel
que

lim
x → a

P (x) − Q(x)

(x − a)n
= 0 ,

c-à-d, on a P − Q = oa

�
(x − a)n

�
. Ensuite le lemme

suivant complète la démonstration.

Lemme. Si g est un polynôme de degré n ou moins tel
que g(x) = oa((x − a)n), alors g est zéro.

Lemme. Si g est un polynôme de degré n ou moins tel

que g(x) = oa((x − a)n), alors g est zéro.

Démonstration. On peut toujours écrire g de la forme

g(x) = c0 + c1(x − a) + c2(x − a)2 + . . . cm(x − a)m ,

où m � n. On a par hypothèse

lim
x → a

c0 + c1(x − a) + c2(x − a)2 + . . . cm(x − a)m

(x − a)n
= 0 .

Donc le numérateur doit tendre vers 0 =⇒ c0 = 0. On a

alors

lim
x → a

c1 + c2(x − a) + . . . cm(x − a)m−1

(x − a)n−1
= 0 .

Donc le numérateur doit tendre vers 0 =⇒ c1 = 0. On

continue de cette façon, jusqu’à cm = 0.
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Remarque.

On peut toujours ramener le calcul au cas a = 0.

Car si on veut le DL d’ordre 3 (disons) de f en a,
posons f̂(x) := f(a + x); soit ensuite

f̂(x) = a0 + a1x + a2x
2
+ a3x

3
+ o(x3

)

le DL de f̂ d’ordre 3 en 0.

Alors le DL de f d’ordre 3

en a est donné par

f(x) = a0+a1(x−a)+a2(x−a)2+a3(x−a)3+o((x−a)3)

calcul des DL

exemple
Calculer le développement limité
en 0 et d’ordre 3 de la fonction
x4 + 4x3 − 7x2 − 13x + 9.

Réponse: 9 − 13x − 7x2 + 4x3 + o(x3),
car la fonction a visiblement cette forme
(et on a unicité).

Pn,a,f(x) =
n�

k=0

f (k)(a)

k!
(x − a)k
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Remarque : Un DL d’ordre inférieur est obtenu
 par simple troncationexemple

� �� �
P (x)

(degré 3
ou moins)

� �� �
= o(x3)

Par l’affirmation d’unicité dans le théorème
Taylor-Young, il suit que P (x) est justement
P 3,0,f(x)

La conclusion suit aussi de la façon que les ai sont calculés.

Soit

f(x) = P4,0,f(x)+o(x4) = a0+a1x+a2x2+a3x3+a4x4+o(x4)

le DL en 0 d’ordre 4 de f (que nous prenons quatre fois dérivable).

Quel est le DL en 0 d’ordre 3 de f?

On a

f(x) = (a0 + a1x + a2x2
+ a3x3

) + (a4x4
+ o(x4

))

exemple
Calculer le développement limité
en 0 et d’ordre 2 de la fonction

x3ex + x.

Réponse: x + o(x2),
car la fonction a visiblement cette forme
(et on a unicité).
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calcul des DL
première méthode: calcul direct

Calculer le développement limité en 0
et d’ordre 6 de la fonction ex .

On a f(x) = ex
, d’où

f (k)
(x) = f(x) ∀ k ∈ N .

Puisque f(0) = 1 = f (k)
(0), la partie polynomiale

du développement est alors

P6,0,f(x) = 1 +
1
1
x +

1
2
x2

+
1
6
x3

+
1
24

x4
+

1
120

x5
+

1
720

x6

et le DL recherché est

ex
= 1 + x +

1
2
x2

+
1
6
x3

+
1
24

x4
+

1
120

x5

+
1

720
x6

+ o(x6
)

Pn,a,f(x) =
n�

k=0

f (k)(a)

k!
(x − a)k
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De façon plus générale on a

ex = 1 + x +
x2

2!
+ · · · +

xn

n!
+ o(xn)

=
n�

k = 0

xk

k!
+ o(xn) Rn

DL de sinus en 0
Pour f(x) = sinx, la suite f (k)

(x) (k � 0) est donnée par

sinx, cosx, − sinx, − cosx, sinx, cosx, − sinx, − cosx, . . .

En x = 0 ceci devient

0, 1, 0, −1, / 0, 1, 0, −1, / . . .

Donc les termes paires du DL sont absents. On trouve alors

sin x = x −
x3

3!
+ · · · + (−1)

n x2n+1

(2n + 1)!
+ o(x2n+2

)

=

n�

k = 0

(−1)
k x2k+1

(2k + 1)!
+ o(x2n+2

)
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remarque

sin x = x −
x3

3!
+ · · · + (−1)n

x2n+1

(2n + 1)!
+ o(x2n+2)

=
n�

k = 0

(−1)k
x2k+1

(2k + 1)!
+ o(x2n+2)

Les DL d’ordre 2n + 2 et d’ordre 2n + 1 sont
essentiellement les mêmes.

Par exemple, on peut écrire le DL d’ordre 6:

sin x = x −
x3

3!
+

x5

5!
+ o(x6)

ou le DL d’ordre 5:

sin x = x −
x3

3!
+

x5

5!
+ o(x5)

DL de cosinus en 0
De façon similaire à sinx, on calcule le DL en 0
de cosx :

cos x = 1 −
x2

2!
+

x4

4!
−

x6

6!
+ o(x7)

= 1 −
x2

2!
+ · · · + (−1)n

x2n

(2n)!
+ o(x2n+1)

=
n�

k = 0

(−1)k
x2k

(2k)!
+ o(x2n+1)

Ici, seulement les termes paires figurent.
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Proposition (parité)

Soit P = Pn,0,f le polynôme de Taylor d’ordre n en 0
d’une fonction f . Si f est une fonction paire, alors P
comporte des puissances paires seulement; si f est
une fonction impaire, alors P comporte des puissances
impaires seulement.

Démonstration. Quand f est paire, on a

f(−x) = f(x) ∀x =⇒ −f �(−x) = f �(x).

Posant x = 0, il vient f �(0) = 0. De même pour les
autres dérivées d’ordre impaire. Il suit que les
coefficients des puissances impaires dans le polynôme de
Taylor sont tous 0. Un raisonnement analogue s’applique
au cas d’une fonction impaire.

DL de ln(1+x) en 0
Pour f(x) = ln(1 + x), la suite f (k)

(x) (k � 0) est donnée par

ln(1 + x), (1 + x)−1 , −(1 + x)−2 , 2(1 + x)−3 ,

− 6(1 + x)−4 , 24(1 + x)−5 , −120(1 + x)−6 . . .

En x = 0 ceci devient

0, 1, −1, 2, −6, 24, −120, . . .

On trouve alors

ln(1 + x) = x −
x2

2
+

x3

3
−

x4

4
· · · + (−1)

n+1x
n

n
+ o(xn

)

=

n�

k=1

(−1)
k+1 xk

k
+ o(xn

)
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Le binôme de Newton.

(1 + x)p = 1 + px +
p(p − 1)

2!
x2 + · · · +

p(p − 1) · · · (p − n + 1)

n!
xn + o(xn) (p ∈ R fixé)

=
n�

k = 0

�
p

k

�
xk + o(xn), où

�
p

k

�
:=

p(p − 1) · · · (p − k + 1)

k!
,

�
p

0

�
= 1 .

Trois cas spéciaux :

p = −1 :
1

1 + x
= 1 − x + x2 − x3 + · · · + (−1)n xn + o(xn)

p = −1, x → −x :
1

1 − x
= 1 + x + x2 + x3 + · · · + xn + o(xn)

p = 1
2
:

√
1 + x = 1 +

1

2
x −

1

8
x2 + o(x2).

Développements limités très souvent rencontrés (1).

sin x = x −
x3

6
+ o(x4) = x −

x3

3!
+ · · · + (−1)n

x2n+1

(2n + 1)!
+ o(x2n+2)

=
n�

k = 0

(−1)k
x2k+1

(2k + 1)!
+ o(x2n+2)

cos x = 1 −
x2

2
+ o(x3) = 1 −

x2

2!
+ · · · + (−1)n

x2n

(2n)!
+ o(x2n+1)

=
n�

k = 0

(−1)k
x2k

(2k)!
+ o(x2n+1)

e x = 1 + x +
x2

2
+ o(x2) = 1 + x +

x2

2!
+ · · · +

xn

n!
+ o(xn)

=
n�

k = 0

xk

k!
+ o(xn)
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Développements limités très souvent rencontrés (2).

ln(1 + x) = x −
x2

2
+

x3

3
+ o(x3) = x −

x2

2
+

x3

3
+ · · · + (−1)n+1x

n

n
+ o(xn)

=
n�

k=1

(−1)k+1 xk

k
+ o(xn)

(1 + x)p = 1 + px +
p(p − 1)

2!
x2 + · · · +

p(p − 1) · · · (p − n + 1)

n!
xn + o(xn) (p ∈ R fixé)

=
n�

k = 0

�
p

k

�
xk + o(xn), où

�
p

k

�
:=

p(p − 1) · · · (p − k + 1)

k!
,

�
p

0

�
= 1 .

C’est le binôme de Newton; nous notons séparément trois cas spéciaux :

1

1 − x
= 1 + x + x2 + x3 + · · · + xn + o(xn)

1

1 + x
= 1 − x + x2 − x3 + · · · + (−1)n xn + o(xn)

√
1 + x = 1 +

1

2
x −

1

8
x2 + o(x2).

Le calcul d’un développement limité peut toujours se
faire directement en principe, en calculant les dérivées
successives de la fonction.

Dans bien des cas, par contre, il est beaucoup plus
pratique d’utiliser des développements connus, en
conjonction avec certains résultats portant sur le
développement d’une somme, d’un produit, d’un quo-
tient, d’une composée, d’une intégrale, ou d’une
dérivée.

Pour bien comprendre cette phrase, il faut étudier
un certain nombre exemples.
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On est ainsi appelé à jouer 
le grand jeux des DL

[arctanx ]� =
1

1 + x2

[arctanx ]�� =

�
1

1 + x2

��
=

−2x

(1 + x2)2

[arctanx ]��� =

� −2x

(1 + x2)2

��
=

2(3x2 − 1)

(1 + x2)3

[arctanx ]���� =

�
2(3x2 − 1)

(1 + x2)3

��
= . . .

De même, les DL de tan et arcsin
ne se prêtent pas à un calcul direct.

exemple
Calcul direct du DL de arctanx ?
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Pourtant, il existe des méthodes rendant 
le calcul de ces DL assez simple...

Un autre cas où la calcul direct 
du DL serait problématique :

f(x) =
P (x)

Q(x)
,

par exemple

x3 + 3

(x2 + x + 1)2

On commence le jeux par le cas de 
la somme de deux fonctions
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Soit f(x) = Pf(x)+ of(x3) = a0 +a1x+a2x2 +a3x3 + of(x3)

le DL en 0 d’ordre 3 de f .

De même pour g :

g(x) = Pg(x) + og(x3) = b0 + b1x + b2x2 + b3x3 + og(x3).

Quel est le DL en 0 de (f + g)?

� �� �
P (x)

(degré 3
ou moins)

� �� �

= o(x3)

On a

f(x) + g(x) = (a0 + b0) + (a1 + b1)x

+ (a2 + b2)x
2
+ (a3 + b3)x

3
+ of(x

3
) + og(x

3
)

= Pf(x) + Pg(x) + of(x
3
) + og(x

3
)

La conclusion suit aussi de la façon que les ai , bi sont calculés.

Par l’affirmation d’unicité dans le théorème
Taylor-Young, il suit que P (x) est justement
P 3,0,f+g(x)

Donc “le DL de la somme est la somme des 
DL”. 
De même pour le DL de cf en fonction de 
celui pour f: on multiplie terme par terme

Résumé
Proposition (Linéarité du DL) Soit P la partie polynomiale
du DL d’ordre n de f en a, et soit Q la partie polynomiale
du DL d’ordre m de g en a, où m � n. Soit c et d deux
réels. Alors la partie polynomiale du DL d’ordre n de
c f + d g en a consiste des termes de degré inférieur
ou égal à n du polynôme c P + dQ .

Informellement:
DL de (cf + dg) = c(DL de f)+ d(DL de g),
mais avec troncation au plus bas ordre.
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exemple

d’où

Rq: pour l’ordre n, il faut au moins l’ordre 
n de chaque fonction

Calculer le DL en 0 et d’ordre 5
de la fonction 2 sin x + ln(1 + x).

ln(1 + x) = x −
x2

2
+

x3

3
−

x4

4
+

x5

5
+ o(x5)

sin x = x −
x3

3!
+

x5

5!
+ o(x6)

2 sin x + ln(1 + x) = (2x + x) −
x2

2
+

�−2

3!
+

1

3

�
x3

−
x4

4
+

�
2

5!
+

1

5

�
x5 + o(x5)

= 3x −
x2

2
−

x4

4
+

13

60
x5 + o(x5)

exemple

d’où

Rq: Euler introduit ce DL pour calculer ln 2 en 
posant x = 1/3 ...

Calculer le DL en 0 et d’ordre 5
de la fonction

x �→ f(x) := ln
1 + x

1 − x
.

ln(1 + x) = x −
x2

2
+

x3

3
−

x4

4
+

x5

5
+ o(x5)

ln(1 − x) = −x −
x2

2
−

x3

3
−

x4

4
−

x5

5
+ o(x5)

f(x) = ln(1 + x) − ln(1 − x)

= 2

�
x +

x3

3
+

x5

5

�
+ o(x5)

x =⇒ −x
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(fg)(x) =
�
a0 + a1x + a2x

2 + a3x
3 + of(x

3)
�

×
�
b0 + b1x + b2x

2 + b3x
3 + og(x

3)
�

= a0b0 + (a0b1 + a1b0)x + ( )x2 + ( )x3

+ (termes en x4, x5, x6)

+ (termes = [ borné ]×[of(x
3) ou og(x

3)])

DL d’un produit
Soit f(x) = Pf(x)+ of(x3) = a0 +a1x+a2x2 +a3x3 + of(x3)

le DL en 0 d’ordre 3 de f , et de même pour g :

g(x) = Pg(x) + og(x3) = b0 + b1x + b2x2 + b3x3 + og(x3).

Quel est le DL en 0 de fg?

= (troncation de Pf(x)Pg(x) à l’ordre 3) + o(x3)

= o(x3)

Proposition (DL du produit) Soit P la partie polynomiale
du DL d’ordre n de f en a, et soit Q la partie
polynomiale du DL d’ordre m de g en a, où m � n.
Alors la partie polynomiale du DL d’ordre n de fg en a
est la troncation à l’ordre n du polynôme PQ .
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(sin x) ln(1 + x) =

��
x −

x3

6

��
x −

x2

2
+

x3

3

��

tronqué

+ o(x3)

= (?) + (?)x + (?)x2 + (?)x3 + o(x3)

= 0 + 0x + x2 −
x3

2
+ o(x3)

= x2 −
x3

2
+ o(x3)

exemple Calculer le DL en 0 et d’ordre 3
de la fonction (sin x) ln(1 + x).

ln(1 + x) = x −
x2

2
+

x3

3
+ o(x3)

sin x = x −
x3

3!
+ o(x4)

Rq: pour l’ordre n, il faut (en général) l’ordre n 
de chaque DL. Fallait-il l’ordre 3 de chaque 
fonction dans l’exemple ci-dessus?

d’où

DL d’une fonction composée

Pour calculer le DL en a de f(g(x), il faut utiliser
le DL de g en a et le DL de f en g(a).

On traite le cas où a = 0 et g(a) = 0.

(Donc, c’est les deux DL en 0 qui participent.)

Proposition (DL de composée) On suppose g(0) = 0.

Alors la partie polynomiale du DL d’ordre n de f(g(x))
en 0 est obtenue par substitution de la partie polyno-

miale du DL d’ordre n de g en 0 dans celle de f ,
et troncation à l’ordre n.
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exemple Calculer le DL en 0 et d’ordre 3
de la fonction x �→ sin[ ln(1 + x)].

ln(1 + x) = x −
x2

2
+

x3

3
+ o(x3)

sin x = x −
x3

3!
+ o(x4)

On écrit

sin X = X −
X3

6
+ o(X4

)

et ensuite on pose

X = x −
x2

2
+

x3

3
.

sin(ln(1 + x)) =

�
x −

x2

2
+

x3

3

�
−

�
x − x2

2
+ x3

3

�3

6
+ o(x3)

=

�
x −

x2

2
+

x3

3

�
−

x3

6

�
1 −

x

2
+

x2

3

�3
+ o(x3)

=

�
x −

x2

2
+

x3

3

�
−

x3

6
+ o(x3) + o(x3)

= x −
x2

2
+

x3

6
+ o(x3).
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exemple Calculer le DL en 0 et d’ordre 6
de la fonction x �→ ex2

.

Comment ne PAS faire :
�
ex2

��
= 2xex2

�
ex2

���
=

�
2xex2

��
= 4x2ex2

+ 2ex2

�
ex2

����
=

�
4x2ex2

+ 2ex2
��

�
ex2

�����
=

�
ex2

������
=

�
ex2

�������
=

exemple Calculer le DL en 0 et d’ordre 6
de la fonction x �→ ex2

.

car

On substitue le second polynomial

dans le premier et on tronque :

�
��

�

les DL
d’ordre 4

ex = 1 + x +
1

2
x2 +

1

6
x3 + o(x3)

=⇒

ex2

= 1 + x2 +
1

2
x4 +

1

6
x6 + o(x6)

ex = 1 + x +
1

2
x2 +

1

6
x3 + c x4 + d x5 + �x6 + o(x6)

x2 = x2 + o(x6)

1 +
�
x2

�
+

1

2

�
x2

�2
+

1

6

�
x2

�3
+ c

�
x2

�4
+ d

�
x2

�5
+ �

�
x2

�6
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exemple Calculer le DL en 0 et d’ordre 2
de la fonction x �→ ecosx .

Comment ne PAS faire : ex = 1 + x +
1

2
x2 + o(x2)

cosx = 1 −
1

2
x2 + o(x2)

=⇒ ecosx = 1 +
�
1 − 1

2
x2

�
+

1

2

�
1 − 1

2
x2

�2
+ o(x2)

= 5
2
− x2 + o(x2)

C’est archi faux ! Même la valeur en x = 0 n’est pas la bonne...
Puisque la valeur de cosx en x = 0 vaut 1,
il faudrait le DL de ex en x = 1 :

ex = e + e(x − 1) + 1
2
e(x − 1)2 + o((x − 1)2)

Cela donne : ecosx = e − e
2
x2 + o(x2)

Pour le DS :

intégration
fonctions élémentaires
fonctions trig réciproques
équations différentielles
intégrales impropres
fonctions hyperboliques
développements limités
vie de Euler

oui
non
non

peut-être

évidemment 
absolument 

bien sûr

sans doute 
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Fin du neuvième cours
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