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textbook gives a complete course on all these topics. It is written by a leading specialist 
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Le problème de base en calcul des variations

On prend les fonctions x(·) dans C2
[a, b], et

on suppose que L est de classe C3
.

Minimiser

� b

a
L(t, x(t), x�(t))dt

sous les contraintes

x(a) = A, x(b) = B.

rappel

Théorème (Euler 1744)

Si x∗ est solution de (P), alors x∗ satisfait l’équation
d’Euler :

d

dt

�
Lv

�
t, x∗(t), x

�
∗(t)

��
= Lx

�
t, x∗(t), x

�
∗(t)

�
∀ t ∈ [a, b].

Théorème (Legendre 1783) Soit x∗ un minimum
local de (P). Alors x∗ satisfait la condition de
Legendre :

Lvv

�
t, x∗(t), x

�
∗(t)

�
≥ 0 ∀t ∈ [ a, b ].

Corollaire (condition de Erdmann) Si x∗ est solution locale
du problème de base, et si L est autonome (ne dépend pas de t),
alors il existe une constante c telle que

L(x∗(t), x∗
�(t)) − x∗

�(t)Lv(x∗(t), x∗
�(t)) = c ∀ t ∈ [a, b].

conditions nécessaires
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conditions suffisantes

Théorème (Jacobi 1838) Soit x∗ une extrémale sur
[a, b] qui satisfait la condition renforcée de Legendre:
Lvv(t, x∗(t), x�

∗(t)) > 0 ∀ t ∈ [a, b]. Alors x∗ est un
minimum local à court terme pour (P).

Théorème Si x∗ est une extrémale admissible pour
(P), et si la fonction (x, v) �→ L(t, x, v) est convexe
pour chaque t ∈ [a, b], alors x∗ est solution globale
de (P).

c’est des approches inductives

Exer. 4.21 We study the solutions x ∈ C∞[0,T ] of the following boundary value problem :

x ��(t) = x3(t)+b x2(t)+ c x(t)+d sin t , 0 � t � T, x(0) = x(T ) = 0, (1)

where T > 0 is given, as well as the parameters b, c, d .

(a) Formulate a basic problem (P) in the calculus of variations whose Euler equation is

the differential equation above, and show with its help that there exists a solution x
of (1).

(b) Prove that the solution of (1) is unique when b2 � 3c.

The question of the nontriviality of the solution of (1) arises when d = 0, since in that case,

x ≡ 0 is a solution. When d = 0 and b2 � 3c, the unique solution of (1) is x ≡ 0, by the

preceding.

(c) Prove that for d = 0 and c < 0, there is a nontrivial solution of (1) when the horizon

T satisfies T > π |c |−1/2
.

Exer. 4.22 Un modèle de production économique mène au problème

min

� T

0

e−δ tC(x(t),x �(t))x �(t)dt , x ∈C2[0,1], x(0) = 0, x(T ) = x̄,

où δ ≥ 0 est le taux d’actualisation et C le coût marginal de production.

(a) Lorsque C(x,v) = v, résoudre le problème par la méthode déductive : prouver qu’une

solution xδ (·) ∈C2[0,1] existe ; la trouver ensuite par les conditions nécessaires.

(b) Étudier les limites de xδ (t) lorsque δ converge vers +∞, et ensuite lorsque δ converge

vers 0. Expliquer les réponses par un argument économique.

(c) Prouver que quand δ > 0 et C(x,v)≡ c0 > 0, le problème n’a pas de solution. Expliquer

par un raisonnement économique ce phénomène.

Exer. 4.23 On considère le problème de production de l’Exer. 4.22 dans le cas C(x,v) =
(1+ x)v, δ = 0, T = 1 et x̄ = 3. Il s’agit donc du problème

min

�
1

0

�
1+ x(t)

�
x �(t)2 dt : x ∈ C2[0,1], x(0) = 0, x(1) = 3.

(a) Utiliser la condition de Erdmann afin de trouver l’unique extrémale admissible x∗ . (On

se permet pour le moment d’ignorer la contrainte implicite x �(t)≥ 0.)

Il s’agit de déterminer si le candidat x∗ est bien solution du problème. On peut montrer que

x∗ n’est pas un minimum global quand la contrainte x �(t)≥ 0 est ignorée. Mais en présence

de cette contrainte, on vérifie maintenant que x∗ est bien solution globale.

(b) Trouver l’unique extrémale qui correspond à la condition finale (perturbée) x(τ) = β .

Ici, on prend τ > 0.

5

exemple

(a) L(t, x, v) = e−δtv2 d

dt

�
e−δt2x �� = 0 =⇒

x(t) =






x̄
eδT −1

�
eδt − 1

�
si δ > 0

x̄
T
t si δ = 0.

C’est la solution globale puisque
L(t, x, v) est convexe en (x, v)
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où δ ≥ 0 est le taux d’actualisation et C le coût marginal de production.

(a) Lorsque C(x,v) = v, résoudre le problème par la méthode déductive : prouver qu’une
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1+ x(t)
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Il s’agit de déterminer si le candidat x∗ est bien solution du problème. On peut montrer que

x∗ n’est pas un minimum global quand la contrainte x �(t)≥ 0 est ignorée. Mais en présence
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exemple

x(t) =






x̄
eδT −1

�
eδt − 1

�
si δ > 0

x̄
T
t si δ = 0.

δ = 0 : Le taux de production x� est constant ; cela minimise le coût,
aucune raison de favoriser la production plus rapide.

δ → ∞ : x(t) tend vers la fonction nulle ; on repousse
le coût de production vers la fin de l’horizon.

x̄

T

Exer. 4.21 We study the solutions x ∈ C∞[0,T ] of the following boundary value problem :

x ��(t) = x3(t)+b x2(t)+ c x(t)+d sin t , 0 � t � T, x(0) = x(T ) = 0, (1)
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exemple

(c) L(t, x, v) = e−δtc0v

J(x) =

� T

0
e−δtc0x

�(t) dt

= c0e
−δtx(t)

����
T

0

+ δc0

� T

0
e−δtx(t) dt

= c0e
−δT x̄ + δc0

� T

0
e−δtx(t) dt

≥ c0e
−δT x̄ (pas atteint)
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x ��(t) = x3(t)+b x2(t)+ c x(t)+d sin t , 0 � t � T, x(0) = x(T ) = 0, (1)

where T > 0 is given, as well as the parameters b, c, d .
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preceding.
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(1+ x)v, δ = 0, T = 1 et x̄ = 3. Il s’agit donc du problème

min

�
1

0

�
1+ x(t)

�
x �(t)2 dt : x ∈ C2[0,1], x(0) = 0, x(1) = 3.

(a) Utiliser la condition de Erdmann afin de trouver l’unique extrémale admissible x∗ . (On

se permet pour le moment d’ignorer la contrainte implicite x �(t)≥ 0.)

Il s’agit de déterminer si le candidat x∗ est bien solution du problème. On peut montrer que

x∗ n’est pas un minimum global quand la contrainte x �(t)≥ 0 est ignorée. Mais en présence

de cette contrainte, on vérifie maintenant que x∗ est bien solution globale.

(b) Trouver l’unique extrémale qui correspond à la condition finale (perturbée) x(τ) = β .

Ici, on prend τ > 0.
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(d) un autre exemple : C(x, v) = (1 + x2)2v , δ = 0 =⇒ L(t, x, v) = (1 + x2)2v2

Euler :
d

dt

�
(1 + x2)22x �� = 2(1 + x2)2xx�2

Erdmann : (1 + x2)2x�2 = c2

=⇒ (1 + x2)dx = c dt =⇒ x(t) + 1
3
x3(t) =

x̄ + 1
3
x̄3

T
t

Ceci définit la solution. S’il y en a une !

� �� �
pas convexe

Le problème abstrait

(P) min
A

f

Le problème abstrait

(P) min
A

f

Le théorème de Jacobi et la convexité sont des 
approches inductives

La méthode déductive applique le raisonnement
suivant pour résoudre (P) :

• Prouver qu’une solution de (P) existe ;

• Étudier les conditions nécessaires afin
d’identifier les éventuelles solutions ;

• Comparer les points trouvés afin de
découvrir la (ou les) solutions.
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Qu’en est-il de la méthode déductive
en calcul des variations ?

Il faudrait des théorèmes d’existence

En dimension finie, la méthode déductive 
s’applique en invoquant la continuité et 
la compacité (théorème d’existence de 
Weierstrass)

x(t)

Retour à la pellicule savonneuse : 
solutions non lisses

La solution de Goldschmidt (1831)

13
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Exer : montrer qu’aucune fonction lisse réalise 
le inf dans ce problème

exemple

min

� 1

−1
x2 (x� − 1)

2
dt : x(−1) = 0, x(1) = 1.

x

t
−1 +1

Il faut donc envisager des solutions non lisses

Rq : quelle chance pour nous :
“l’anglais n’est jamais que le français 
mal prononcé” :

I turn away with fright and horror 
from this lamentable plight of functions 
which have no derivatives

Je me détourne avec effroi et horreur 
de cette plaie lamentable des fonctions 
qui n'ont pas de dérivées.            Hermite
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Une classe utile consiste des fonctions 
lipschitziennes sur l’intervalle.

On dit que x : [a, b] → R est lipschitzienne lorsqu’il existe

M tel que

|x(s) − x(t)| ≤ M |s − t| , s, t ∈ [a, b].

On apprend dans un cours d’intégration et mesure de Lebesgue

qu’une telle fonction n’est pas seulement continue (évident),

mais qu’elle est dérivable presque partout, et que

x(t) = x(a) +

� t

a
x�
(s)ds , t ∈ [a, b].

Il est clair que |x�
(t)| ≤ M p.p.

Proposition. x est lipschitzienne ssi il existe v ∈ L∞ t.q.

x(t) = x(a) +

� t

a
v(s) ds .

Minimiser

� b

a
L(t, x(t), x�(t))dt

sous les contraintes

x(a) = A, x(b) = B.

On étend le problème à la classe Lip [a,b]

Mais comment obtenir (ou même exprimer) 
l’équation d’Euler lorsque la solution vit 
dans Lip[a,b] ?

14.1 Necessary conditions 289

14.1 Necessary conditions

The following result identifies the first necessary condition that a minimizing x must
satisfy; it is in effect an analogue of Fermat’s rule that f �(x) = 0 at a minimum.

Notation: The partial derivatives of the function Λ(t, x,v) with respect to x and to
v are denoted by Λ x and Λv .

14.2 Theorem. (Euler 1744) If x∗ is a solution of (P), then x∗ satisfies the Euler
equation:

d
dt

�
Λv

�
t, x∗(t), x∗�(t)

��
= Λ x

�
t, x∗(t), x∗�(t)

�
∀ t ∈ [a,b ]. (1)

Proof. Euler’s proof of this result used discretization, but the now standard proof
given here uses Lagrange’s idea: a variation, from which the subject derives its
name. In the present context, a variation means a function y ∈ C2[a,b ] such that
y(a) = y(b) = 0. We fix such a y, and proceed to consider the following function g
of a single variable:

g(λ ) = J(x∗+λy) =
� b

a
Λ
�
t, x∗+λy, x �

∗+λy ��dt . (2)

(The reader will notice that we have yielded to the irresistible temptation to leave out
certain arguments in the expression for the integral; thus x∗ should be x∗(t) and y is
really y(t), and so on. Having already succumbed the first time, we shall do so rou-
tinely hereafter.) It follows from standard results in calculus that g is differentiable,
and that we can “differentiate through the integral” to obtain

g �(λ ) =
� b

a

�
Λ x

�
t, x∗+λy, x∗�+λy ��y+Λv

�
t, x∗+λy, x∗�+λy ��y � �dt . (3)

Observe now that for each λ , the function x∗+λy is admissible for (P), whence

g(λ ) = J(x∗+λy) � J(x∗) = g(0).

It follows that g attains a minimum at λ = 0, and hence that g �(0) = 0; thus:
� b

a

�
α(t)y(t)+β (t)y �(t)

�
dt = 0,

where we have set

α(t) = Λ x
�
t, x∗(t), x∗�(t)

�
, β (t) = Λv

�
t, x∗(t), x∗�(t)

�
.

Using integration by parts, we deduce
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308 15 Nonsmooth extremals

derivatives x � exist almost everywhere and are essentially bounded. Of course, we
are only able to deal with this class since we have the benefit of Lebesgue’s legacy
in measure and integration (which was not available until roughly 1900).

Hypotheses. We extend the setting of the basic problem in one more way, by al-
lowing x to be vector-valued. Thus, the admissible class now becomes the Lipschitz
functions mapping [a,b ] to Rn, for which we simply write Lip[a,b ]. Each compo-
nent of x, then, is an element of the space AC∞ [a,b ] introduced in Example 1.13.
The phrase “basic problem” refers in this chapter to

minimize J(x) : x ∈ Lip[a,b ] , x(a) = A, x(b) = B. (P)

The hypotheses on Λ(t, x,v) are also weakened: we suppose that the gradients Λ x
and Λv exist and, together with Λ , are continuous functions of (t, x,v). Note that
under these hypotheses, the functional

J(x) =
� b

a
Λ
�
t, x(t), x �(t)

�
dt

is well defined (as a Lebesgue integral) for every x ∈ Lip[a,b ].

It can be shown (see Exer. 21.13) that a minimum over C2[a,b ] is also a minimum
over Lip[a,b ], so the extension of the classical theory to Lipschitz functions is a
faithful one.

15.1 The integral Euler equation

The first order of business is to see what becomes of the basic necessary condi-
tion, namely the Euler equation, when the basic problem (P) is posed over the class
Lip[a,b ].

The definition of weak local minimum x∗ is essentially unchanged: the minimum is
relative to the admissible functions x that satisfy � x− x∗ � � ε and � x � − x∗� � � ε
(recall that � · � refers to the L∞ norm). However, we must inform the reader of
the regrettable fact that the proof of Theorem 14.2 fails when x ∈ Lip[a,b ]. The
problem is that the function t �→ Λv(t, x∗(t), x∗�(t)) is no longer differentiable, so the
integration by parts that was used in the argument can no longer be justified. There
is, however, a good way to extend the Euler equation to our new situation.

15.2 Theorem. (du Bois-Raymond 1879) Let x∗ ∈ Lip[a,b ] be a weak local min-
imizer for the basic problem (P). Then x∗ satisfies the integral Euler equation: for
some constant c ∈ Rn, we have

Λv
�
t, x∗(t), x∗�(t)

�
= c+

� t

a
Λ x

�
s, x∗(s), x∗�(s)

�
ds , t ∈ [a,b ] a.e.
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14.1 Necessary conditions

The following result identifies the first necessary condition that a minimizing x must
satisfy; it is in effect an analogue of Fermat’s rule that f �(x) = 0 at a minimum.

Notation: The partial derivatives of the function Λ(t, x,v) with respect to x and to
v are denoted by Λ x and Λv .

14.2 Theorem. (Euler 1744) If x∗ is a solution of (P), then x∗ satisfies the Euler
equation:

d
dt

�
Λv

�
t, x∗(t), x∗�(t)

��
= Λ x

�
t, x∗(t), x∗�(t)

�
∀ t ∈ [a,b ]. (1)

Proof. Euler’s proof of this result used discretization, but the now standard proof
given here uses Lagrange’s idea: a variation, from which the subject derives its
name. In the present context, a variation means a function y ∈ C2[a,b ] such that
y(a) = y(b) = 0. We fix such a y, and proceed to consider the following function g
of a single variable:

g(λ ) = J(x∗+λy) =
� b

a
Λ
�
t, x∗+λy, x �

∗+λy ��dt . (2)

(The reader will notice that we have yielded to the irresistible temptation to leave out
certain arguments in the expression for the integral; thus x∗ should be x∗(t) and y is
really y(t), and so on. Having already succumbed the first time, we shall do so rou-
tinely hereafter.) It follows from standard results in calculus that g is differentiable,
and that we can “differentiate through the integral” to obtain

g �(λ ) =
� b

a

�
Λ x

�
t, x∗+λy, x∗�+λy ��y+Λv

�
t, x∗+λy, x∗�+λy ��y � �dt . (3)

Observe now that for each λ , the function x∗+λy is admissible for (P), whence

g(λ ) = J(x∗+λy) � J(x∗) = g(0).

It follows that g attains a minimum at λ = 0, and hence that g �(0) = 0; thus:
� b

a

�
α(t)y(t)+β (t)y �(t)

�
dt = 0,

where we have set

α(t) = Λ x
�
t, x∗(t), x∗�(t)

�
, β (t) = Λv

�
t, x∗(t), x∗�(t)

�
.

Using integration by parts, we deduce

Rq : On voit que les deux formes sont équivalentes

quand x∗ est C2
.
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derivatives x � exist almost everywhere and are essentially bounded. Of course, we
are only able to deal with this class since we have the benefit of Lebesgue’s legacy
in measure and integration (which was not available until roughly 1900).

Hypotheses. We extend the setting of the basic problem in one more way, by al-
lowing x to be vector-valued. Thus, the admissible class now becomes the Lipschitz
functions mapping [a,b ] to Rn, for which we simply write Lip[a,b ]. Each compo-
nent of x, then, is an element of the space AC∞ [a,b ] introduced in Example 1.13.
The phrase “basic problem” refers in this chapter to

minimize J(x) : x ∈ Lip[a,b ] , x(a) = A, x(b) = B. (P)

The hypotheses on Λ(t, x,v) are also weakened: we suppose that the gradients Λ x
and Λv exist and, together with Λ , are continuous functions of (t, x,v). Note that
under these hypotheses, the functional

J(x) =
� b

a
Λ
�
t, x(t), x �(t)

�
dt

is well defined (as a Lebesgue integral) for every x ∈ Lip[a,b ].

It can be shown (see Exer. 21.13) that a minimum over C2[a,b ] is also a minimum
over Lip[a,b ], so the extension of the classical theory to Lipschitz functions is a
faithful one.

15.1 The integral Euler equation

The first order of business is to see what becomes of the basic necessary condi-
tion, namely the Euler equation, when the basic problem (P) is posed over the class
Lip[a,b ].

The definition of weak local minimum x∗ is essentially unchanged: the minimum is
relative to the admissible functions x that satisfy � x− x∗ � � ε and � x � − x∗� � � ε
(recall that � · � refers to the L∞ norm). However, we must inform the reader of
the regrettable fact that the proof of Theorem 14.2 fails when x ∈ Lip[a,b ]. The
problem is that the function t �→ Λv(t, x∗(t), x∗�(t)) is no longer differentiable, so the
integration by parts that was used in the argument can no longer be justified. There
is, however, a good way to extend the Euler equation to our new situation.

15.2 Theorem. (du Bois-Raymond 1879) Let x∗ ∈ Lip[a,b ] be a weak local min-
imizer for the basic problem (P). Then x∗ satisfies the integral Euler equation: for
some constant c ∈ Rn, we have

Λv
�
t, x∗(t), x∗�(t)

�
= c+

� t

a
Λ x

�
s, x∗(s), x∗�(s)

�
ds , t ∈ [a,b ] a.e.

démonstration (p.309) : On fixe une telle variation y , et on considère la fonc-

tion g d’une seule variable suivante :

g(λ) = J(x∗ + λy) =

� b

a
L
�
t, x∗ + λy, x�

∗ + λy �� dt.
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Proof. We define g(λ ) as we did in the proof of Theorem 14.2, where now the

variation y lies in Lip0[a,b ], the set of Lipschitz functions on [a,b ] that vanish at a
and b. The difference quotient whose limit is g �(0) is given by

� b

a

Λ(t, x∗+λy , x∗�+λy �)−Λ(t, x∗, x∗�)
λ

dt .

Our hypotheses imply that Λ is Lipschitz with respect to (x,v) on bounded sets.

Since all the functions appearing inside the integral above are bounded, there is a

constant K such that, for all λ near 0, the integrand is bounded by K |(y(t),y �(t))|. It

now follows from Lebesgue’s dominated convergence theorem that g �(0) exists and

is given by

g �(0) =
� b

a

�
α(t) • y(t)+β (t) • y �(t)

�
dt = 0,

where (as before, but now with gradients instead of partial derivatives)

α(t) = Λ x
�
t, x∗(t), x∗�(t)

�
, β (t) = Λv

�
t, x∗(t), x∗�(t)

�
.

Note that these are essentially bounded functions. We apply integration by parts, but

now to the first term in the integral; this yields

� b

a

�
β (t)−

� t

a
α(s)ds

�
• y �(t)dt = 0.

For any c ∈ Rn
, we also have

� b

a

�
β (t)− c−

� t

a
α(s)ds

�
• y �(t)dt = 0.

This holds, then, for all Lipschitz variations y and all constants c ∈ Rn
. We now

choose c such that the function

y(t) =
� t

a

�
β (t)− c−

� t

a
α(s)ds

�
dt

defines a variation (that is, such that y(b) = 0). With this choice of y, we dis-

cover � b

a

���β (t)− c−
� t

a
α(s)ds

���
2

dt = 0,

which implies the desired conclusion. ��

When x∗ ∈ C2[a,b ] and n = 1, it is evident that the integral Euler equation is equiv-

alent to the original one obtained in Theorem 14.2 (which can be thought of as the

“differentiated form”). So we have lost nothing in this new formulation. Note, how-

ever, that when n > 1, we are dealing with a system of equations, since the gradients

Λ x and Λv are vector-valued. In other words, there are n unknown functions in-

volved, the n component functions of x.
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Proof. We define g(λ ) as we did in the proof of Theorem 14.2, where now the

variation y lies in Lip0[a,b ], the set of Lipschitz functions on [a,b ] that vanish at a
and b. The difference quotient whose limit is g �(0) is given by

� b

a

Λ(t, x∗+λy , x∗�+λy �)−Λ(t, x∗, x∗�)
λ

dt .

Our hypotheses imply that Λ is Lipschitz with respect to (x,v) on bounded sets.

Since all the functions appearing inside the integral above are bounded, there is a

constant K such that, for all λ near 0, the integrand is bounded by K |(y(t),y �(t))|. It

now follows from Lebesgue’s dominated convergence theorem that g �(0) exists and

is given by

g �(0) =
� b

a

�
α(t) • y(t)+β (t) • y �(t)

�
dt = 0,

where (as before, but now with gradients instead of partial derivatives)

α(t) = Λ x
�
t, x∗(t), x∗�(t)

�
, β (t) = Λv

�
t, x∗(t), x∗�(t)

�
.

Note that these are essentially bounded functions. We apply integration by parts, but

now to the first term in the integral; this yields

� b

a

�
β (t)−

� t

a
α(s)ds

�
• y �(t)dt = 0.

For any c ∈ Rn
, we also have

� b

a

�
β (t)− c−

� t

a
α(s)ds

�
• y �(t)dt = 0.

This holds, then, for all Lipschitz variations y and all constants c ∈ Rn
. We now

choose c such that the function

y(t) =
� t

a

�
β (t)− c−

� t

a
α(s)ds

�
dt

defines a variation (that is, such that y(b) = 0). With this choice of y, we dis-

cover � b

a

���β (t)− c−
� t

a
α(s)ds

���
2

dt = 0,

which implies the desired conclusion. ��

When x∗ ∈ C2[a,b ] and n = 1, it is evident that the integral Euler equation is equiv-

alent to the original one obtained in Theorem 14.2 (which can be thought of as the

“differentiated form”). So we have lost nothing in this new formulation. Note, how-

ever, that when n > 1, we are dealing with a system of equations, since the gradients

Λ x and Λv are vector-valued. In other words, there are n unknown functions in-

volved, the n component functions of x.

On pose

p(t) = c +

� t

a
Λ x

�
s, x∗(s), x∗

�
(s)

�
ds .

Alors la fonction p (le co-état) satisfait

�
p �
(t), p(t)

�
= ∇x, v Λ

�
t, x∗(t), x∗

�
(t)

�
p.p.

Rq : L’équation d’Euler intégrée en forme hamiltonienne :

−p
�(t) = Hx

�
t, x(t), p(t)

�
, x

�(t) = Hp

�
t, x(t), p(t)

�

où H est l’hamiltonien obtenu de L par la transformée
de Legendre.
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derivatives x � exist almost everywhere and are essentially bounded. Of course, we
are only able to deal with this class since we have the benefit of Lebesgue’s legacy
in measure and integration (which was not available until roughly 1900).

Hypotheses. We extend the setting of the basic problem in one more way, by al-
lowing x to be vector-valued. Thus, the admissible class now becomes the Lipschitz
functions mapping [a,b ] to Rn, for which we simply write Lip[a,b ]. Each compo-
nent of x, then, is an element of the space AC∞ [a,b ] introduced in Example 1.13.
The phrase “basic problem” refers in this chapter to

minimize J(x) : x ∈ Lip[a,b ] , x(a) = A, x(b) = B. (P)

The hypotheses on Λ(t, x,v) are also weakened: we suppose that the gradients Λ x
and Λv exist and, together with Λ , are continuous functions of (t, x,v). Note that
under these hypotheses, the functional

J(x) =
� b

a
Λ
�
t, x(t), x �(t)

�
dt

is well defined (as a Lebesgue integral) for every x ∈ Lip[a,b ].

It can be shown (see Exer. 21.13) that a minimum over C2[a,b ] is also a minimum
over Lip[a,b ], so the extension of the classical theory to Lipschitz functions is a
faithful one.

15.1 The integral Euler equation

The first order of business is to see what becomes of the basic necessary condi-
tion, namely the Euler equation, when the basic problem (P) is posed over the class
Lip[a,b ].

The definition of weak local minimum x∗ is essentially unchanged: the minimum is
relative to the admissible functions x that satisfy � x− x∗ � � ε and � x � − x∗� � � ε
(recall that � · � refers to the L∞ norm). However, we must inform the reader of
the regrettable fact that the proof of Theorem 14.2 fails when x ∈ Lip[a,b ]. The
problem is that the function t �→ Λv(t, x∗(t), x∗�(t)) is no longer differentiable, so the
integration by parts that was used in the argument can no longer be justified. There
is, however, a good way to extend the Euler equation to our new situation.

15.2 Theorem. (du Bois-Raymond 1879) Let x∗ ∈ Lip[a,b ] be a weak local min-
imizer for the basic problem (P). Then x∗ satisfies the integral Euler equation: for
some constant c ∈ Rn, we have

Λv
�
t, x∗(t), x∗�(t)

�
= c+

� t

a
Λ x

�
s, x∗(s), x∗�(s)

�
ds , t ∈ [a,b ] a.e.

le co-état
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15.2 Regularity of Lipschitz solutions

A regularity theorem is one which affirms that, under some additional hypotheses,
solutions of the basic problem, which initially are known to lie merely in the class
in which (P) is posed (currently, Lip[a,b ]), actually lie in a smaller class of more
regular functions (below, C1[a,b ] ). This is a way of having your cake and eating
it too: we allow nonsmooth functions in formulating the problem, yet we obtain
solutions that are smooth.

15.5 Theorem. Let x∗ ∈ Lip[a,b ] satisfy the integral Euler equation, where, for
almost every t ∈ [a,b ], the function v �→ Λ(t, x∗(t),v) is strictly convex. Then x∗
lies in C1[a,b ].

Proof. The goal is to find a continuous function v̄ on [a,b ] which agrees with x∗�
almost everywhere. For such a function, we have

x∗(t) = x∗(a)+
� t

a
x∗�(s)ds = x∗(a)+

� t

a
v̄(s)ds ∀ t ∈ [a,b ] ,

from which it follows that x∗ ∈ C1[a,b ]. We define the set

W =
�

t ∈ (a,b) : x∗�(t) exists and p(t) = Λv
�
t, x∗(t), x∗�(t)

��
.

Then W is of full measure. Fix any τ ∈ [a,b ], and let {si} and {ti} be any two
sequences in W converging to τ , and such that

�s := lim
i→∞

x∗�(si) , �t := lim
i→∞

x∗�(ti)

both exist. Passing to the limit in the equation p(si) = Λv(si, x∗(si), x∗�(si)) yields
p(τ) = Λv(τ, x∗(τ), �s). Similarly, we derive p(τ) = Λv(τ, x∗(τ), �t). It follows
that the strictly convex function v �→ Λ(τ, x∗(τ),v) has the same gradient at �s and
�t , whence �s = �t (see Exer. 4.17).

Let us now define a function v̄ on [a,b ] as follows: take any sequence {si} in W
converging to τ and such that lim i x∗�(si) exists (such sequences exist because W
is of full measure, and because x∗� is bounded); set v̄(τ) = lim i x∗�(si). In view of
the preceding remarks, v̄ is well defined. But v̄ is continuous by construction, as is
easily seen, and agrees with x∗� on W . ��

Note that the theorem applies to problems involving the classical action (such as
Example 15.3), but fails to apply to that of Example 15.1, for instance.

15.6 Exercise. As an application of Theorem 15.5, we prove the necessity of Ja-
cobi’s condition; the setting is that of Theorem 14.12. We reason ad absurdum, by
supposing that a conjugate point τ ∈ (a,b) exists.

(la preuve est basée sur la continuité du co-état p)
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Recall that the proof of Theorem 14.7 showed that, for every y ∈ Lip0[a,b ], we
have

I(y) :=
� b

a

�
P(t)y �(t)2 +Q(t)y(t)2� dt � 0.

(a) By assumption there is a nontrivial solution u of Jacobi’s equation vanishing at a
and τ . Prove that u �(τ) �= 0, and that

� τ

a

�
P(t)u �(t)2 +Q(t)u(t)2� dt = 0.

(b) Extend u to [a,b ] by setting it equal to 0 between τ and b. It follows that u
minimizes the functional I(y) above relative to the arcs y ∈ Lip0[a,b ]. Apply
Theorem 15.5 to obtain a contradiction. ��

Higher regularity. It is possible to go further in the regularity theory, and show
that, under suitable conditions, the solutions of the basic problem inherit the full
regularity of the Lagrangian.

15.7 Theorem. (Hilbert-Weierstrass c. 1875) Let x∗ ∈ Lip[a,b ] satisfy the inte-
gral Euler equation, where Λ is of class Cm (m � 2) and satisfies

t ∈ [a,b ] ,v ∈ Rn =⇒ Λvv(t, x∗(t),v) > 0 (positive definite).

Then x∗ belongs to Cm[a,b ].

Proof. The hypotheses imply the strict convexity of the function v �→ Λ(t, x∗(t),v)
for each t. It follows from Theorem 15.5 that x∗ belongs to C1[a,b ]. We deduce that
the costate p(·) belongs to C1[a,b ], since, by the integral Euler equation,

p �(t) = Λ x
�
t, x∗(t), x∗�(t)

�
(continuous on [a,b ] ).

Note that for fixed t , the unique solution v of the equation p(t) = Λv(t, x∗(t),v) is
v = x∗�(t) (since Λvv > 0). It follows from the implicit function theorem that x∗� lies
in C1[a,b ], since p is C1 and Λv is Cm−1 with m � 2. Thus x∗ lies in C2[a,b ]. This
conclusion now implies p � ∈ C1[a,b ] and p(·)∈ C2[a,b ]. If m > 2 , we may iterate
the argument given above to deduce x∗� ∈ C2[a,b ]. We continue in this fashion until
we arrive at x∗� ∈ Cm−1[a,b ]; that is, x∗ ∈ Cm[a,b ]. ��

15.8 Exercise. We consider the basic problem (P) when Λ has the form

Λ(t, x,v) = g(x)
�

1+ | x � |2 ,

where g is Cm (m � 2). Let x∗ ∈ Lip[a,b ] be a weak local minimizer, and suppose
that g(x∗(t))> 0 ∀ t ∈ [a,b ]. Prove that x∗ ∈ Cm[a,b ]. ��

(ici aussi, et en plus le théorème des fonctions implicites)

Rq : Dans certains cas, la continuité de p implique celle

de x∗� : une conclusion de régularité (ou régularité lisse).

Le problème de base en calcul des variations
Minimiser

� b

a
L(t, x(t), x�(t))dt

sous les contraintes

x(a) = A, x(b) = B.

n > 1

On traite le problème où x est à valeurs dans Rn
,

c-à-d, l’inconnue est une fonction x : [a, b] → Rn
.

La théorie ne change pas, mais l’équation d’Euler

d

dt

�
Lv

�
t, x∗(t), x

�
∗(t)

��
= Lx

�
t, x∗(t), x

�
∗(t)

�

correspond maintenant à un système d’équations
différentielles.
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exemple
Exer. 4.15 Résoudre le problème suivant :

minimiser

�
1

0

�
x �(t)2 + y �(t)2 + x �(t)y �(t)− t x �(t)

�
dt : x,y ∈ C2[0,1 ]

sous les contraintes x(0) = x(1) = 0 , y(0) = y(1) = 0.

Exer. 4.16 Écrire (pas plus) la condition de transversalité quand le problème de l’Exer. 4.15

est modifié ainsi :

minimiser cx(1)+d y(1)+
�

1

0

�
x �(t)2 + y �(t)2 + x �(t)y �(t)− t x �(t)

�
dt : x,y ∈ C2[0,1 ]

sous les contraintes x(0) = y(0) = 0.

Exer. 4.17 Trouver le cône normal en (0,0), c-à-d, NE(0,0), pour chacune des parties E
suivantes dans R2

:

(a) E = {(x,y) : (x−1)2 + y2 = 1} ; (b) E = {(x,y) : (x−1)2 + y2 ≤ 1} ;

(c) E = R2
+ ; (d) E = {(x,y) : x2 + y2 ≤ 1}.

Exer. 4.18 Écrire (pas plus) la condition de transversalité quand le problème de l’Exer. 4.15

est modifié ainsi :

minimiser

�
1

0

�
x �(t)2 + y �(t)2 + x �(t)y �(t)− t x �(t)

�
dt : x,y ∈ C2[0,1 ]

sous les contraintes x(0) = y(0) = 0 , x(1) = y(1).

Exer. 4.19 On considère le problème (P) suivant :

minimiser

�
1

0

exp
�

x(t)+ x �(t)2
�

dt : x ∈ AC[0,1], x(0) = 0, x(1) = 1.

1. Prouver que (P) admet une solution.

2. Prouver que la solution de (P) est unique.

3. Montrer que le lagrangien du problème ne satisfait pas l’hypothèse de croissance de

Tonelli-Morrey .

4. Prouver que la solution de (P) est lipschitzienne.

5. En déduire l’existence d’une unique solution x du problème aux limites suivant :

x ��(t) =
1− x �(t)2

1+ x �(t)2
, x ∈ C∞[0,1], x(0) = 0, x(1) = 1.

Exer. 4.20 Trouver un lagrangian L(t, x,v) tel que l’équation d’Euler soit

a) x �� = x3 b) x ��+ x � −1 = 0 c) x ��x+ x � = 1.

4

Ici, le co-état sera aussi de dimension deux, 
on pourrait le noter (p,q), par exemple.

L(t, x, y, v, w) = v2 + w2 + vw − tv

d

dt

�
2x� + y� − t
2y� + x�

�
=

�
0
0

�
Euler :

Le co-état est utile pour exprimer les conditions de 
transversalité qui se joignent à l’équation d’Euler 
dans les problèmes où x(a) et/ou x(b) ne sont pas 
simplement fixés au bord.
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Exemple Soit x∗ ∈ C2 solution du problème

min �
�
x(b)

�
+

� b

a
L
�
t, x(t), x�(t)

�
dt s.l.c. x(a) = A.

Alors (en adaptant le sens d’une variation, voir Th. 14.19) on trouve
non seulement l’équation d’Euler mais aussi une autre conclusion (qui
compense le manque d’info en t = b) :

−Lv

�
b, x∗(b), x∗

�(b)
�

= � ��x∗(b)
�
.

En terme du co-état, cela affirme : −p(b) = ∇�
�
x∗(b)

�
.

Plus tard, on admettra des contraintes telle x(b) ∈ E . Dans ce cas,
la condition de transversalité est

−p(b) ∈ NE

�
x∗(b)

�
,

où NE veut dire le cône normal (à l’ensemble E au point x∗(b)).

On rappelle le cône normal à un ensemble, dans les 
deux cas principaux : ensemble lisse (variété avec 
bord), ensemble convexe.

g(x) ≤ 0

E = {x ∈ Rn : g(x) ≤ 0}

NE(u) = {t∇g(u) : t ≥ 0}

NE(u) = {0} lorsque u ∈ intE

Soit u un point dans E

u
∇g(u)
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Soit E une partie convexe dans Rn et
u un point dans sa frontière

On rappelle le cône normal à un ensemble, dans les 
deux cas principaux : ensemble lisse (variété avec 
bord), ensemble convexe.

E

NE(u)

u

ζ ∈ NE(u) ⇐⇒
�
ζ, x − u

�
≤ 0 ∀ x ∈ E

On discute maintenant de la Méthode déductive 

L’étude de l’existence nécéssite l’utilisation d’outils de 
l’analyse fonctionnelle : intégrale de Lebesgue, 
semicontinuité,  Arzelà-Ascoli, dualité des espaces de 
Banach, compacité faible ... voir FC.
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Les espaces C2 et Lip conviennent en ce qui 
concerne les conditions nécessaires, mais pas
pour l’existence à priori... manque de compacité.
Et la continuité pose problème aussi... 

Stratégie Pour prouver l’existence d’une solution du problème minA f ,
on se donne une suite (xi) minimisante : une suite de points dans A
(admissibles) tels que

lim
i→∞

f(xi) = inf
A

f .

Ensuite, on veut pouvoir affirmer l’existence d’une sous-suite qui con-
verge vers une limite x∗ (compacité). (Ce n’est pas la peine de
changer la notation de la sous-suite.) Il faudrait pouvoir dire que
limi→∞ xi = x∗ ∈ A (que A est fermé).

Enfin, la supposée continuité de f nous permettrait écrire

lim
i→∞

f(xi) = inf
A

f = f(x∗).

Du coup, x∗ est solution (un point dans A où le inf est atteint).

aucune fonction réalise le inf (= 0) dans ce 
problème, même dans Lip

exemple
min

� 1

0

�
x2 +

�
x�2 − 1

�2�
dt : x(0) = 0, x(1) = 0.

0 1

2 dents

4 dents

les fonctions dents de scie 
montre que l’inf = 0

•
•
•

On a J(xi) → 0, et les xi tendent vers 0,

mais J(0) = 1.
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C’est Tonelli qui, en 1912, a montré comment 
exploiter la compacité faible dans les espaces Lp 
de Lebesgue (ainsi que la semi-continuité)

Convergence des fonctions Soit (vn) une suite de fonctions numériques

sur [a, b]. On connait déjà qq notions de convergence :

convergence simple On dit que la suite de fonctions (vn) converge

simplement (ou ponctuellement) vers la fonction limite v sur l’intervalle

[a, b] si et seulement si, pour chaque t ∈ [a, b], la suite de nombres

réelles (vn(t)) converge vers la limite v(t).

convergence uniforme On dit que la suite de fonctions (vn) converge

uniformément vers la fonction limite v sur l’intervalle [a, b] si et seule-
ment si

�vn − v�C[a,b] := sup

t∈ [a,b]
|vn(t) − v(t)| → 0.

convergence dans Lp
On dit que la suite de fonctions (vn) converge

dans Lp
vers v sur l’intervalle [a, b] si et seulement si

�vn − v�Lp[a,b] :=

�� b

a
|vn(t) − v(t)|p dt

� 1
p

→ 0.

convergence faible Soit (vn) une suite de fonctions

dans Lp
:= Lp

(a, b), où 1 < p < ∞, et soit v ∈ Lp
.

On dit que (vn) converge faiblement vers v si

(1) la suite est bornée dans Lp

(2) pour chaque fonction g ∈ C
∞
c (a, b), on a

� b

a
vn(t)g(t) dt →

� b

a
v(t)g(t) dt .
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Exemple

Soit (xn) une suite de fonctions sur [0, 1] en 2
n

dents de scie,

ayant vn(t) := xn
�
(t) = ± 1 p.p. Les xn converge uniformément

vers 0.

La suite (vn) est dans Lp
(pour tout p ∈ ]1,∞[ ). En fait, sur la

sphère unité de Lp
.

Elle ne converge pas simplement, ni dans Lp
, mais elle converge

faiblement vers 0 dans Lp
.

Preuve : Soit g ∈ C
∞
c (a, b). On a (intégration

par parties)

� 1

0
vn(t)g(t) dt = −

� 1

0
xn(t)g

�
(t) dt → 0 .

0 1

2 dents 4 dents

convergence faible Soit (vn) une suite de fonctions

dans Lp
:= Lp

(a, b), où 1 < p < ∞, et soit v ∈ Lp
.

On dit que (vn) converge faiblement vers v si

(1) la suite est bornée dans Lp

(2) pour chaque fonction g ∈ C
∞
c (a, b), on a

� b

a
vn(t)g(t) dt →

� b

a
v(t)g(t) dt .

convergence faible Soit (vn) une suite de fonctions

dans Lp
:= Lp

(a, b), où 1 < p < ∞, et soit v ∈ Lp
.

On dit que (vn) converge faiblement vers v si

(1) la suite est bornée dans Lp

(2) pour chaque fonction g ∈ C
∞
c (a, b), on a

� b

a
vn(t)g(t) dt →

� b

a
v(t)g(t) dt .

Théorème (Banach) Soit (vn) une suite bornée de fonctions dans Lp ,
où 1 < p < ∞. Alors il existe une sous-suite qui converge faiblement
vers une limite v dans Lp.

Proposition. Soit (vn) une suite de fonctions dans Lp qui converge
faiblement vers v. Soit V une partie convexe fermée. Si, pour chaque
n, on a vn(t) ∈ V p.p. , alors il en est de même pour v.
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La convergence faible préserve-t-elle les limites ?
Exemple

Soit (xn) la suite de fonctions sur [0, 1] en 2
n

dents de scie,

ayant vn(t) := xn
�
(t) = ± 1 p.p. Les xn converge uniformément

vers 0, et les (vn) convergent faiblement vers 0.

Soit L(v) =
�
v2 − 1

�2
. On a

� 1

0
L(vn(t)) dt = 0 ∀n ,

� 1

0
L(0) dt = 1.

−1 10

Proposition. Soit L : R → R une fonction convexe, et soit (vn) une
suite qui converge faiblement dans Lp vers une limite v. Alors

� b

a
L(v(t)) dt � lim inf

n→∞

� b

a
L(vn(t)) dt .

Quand L est convexe, l’intégrale de L définit une fonction semi-continue 
inférieurement (sci)

Pour une fonction f qui est sci, on a

u i → u =⇒ f(u) ≤ lim inf
i→∞

f(u i).

Nous allons appliquer ces résultats au cas où les vn sont les dérivées x�
n

de fonctions xn. On travaille avec les fonctions x qui sont absolument
continue.

Définition. Une fonction x : [a, b] → R est dite absolument continue

s’il existe une fonction v ∈ L1
(a, b) telle que

x(t) = x(a) +

� t

a
v(s) ds .

On sait que dans ce cas, on a x�
(t) = v(t) p.p.

Proposition. Soit (xn) une suite de fonctions dans ACp[a, b], avec
xn(a) = A ∀n, telle que la suite (x�

n) converge faiblement dans Lp

(où 1 < p < ∞) vers une limite v. Alors (xn) converge uniformément
vers x, où x est donné par

x(t) = A +

� t

a
v(s) ds .

L’espace AC p[a, b] veut dire les fonctions continues x
admettant une fonction v ∈ Lp telle que

x(t) = x(a) +

� t

a
v(τ ) dτ , t ∈ [ a, b ].

Lip[a, b] ⊂ AC[a, b]
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On va maintenant 
présenter le célèbre 
théorème d’existence 
de Tonelli

16.1 Tonelli’s theorem and the direct method 321

An arc x is admissible if it satisfies the constraints of the problem, and if J(x) is
well defined and finite. An arc x∗ admissible for the basic problem (P) is said to be
a solution (or a minimizer) if J(x∗) � J(x) for all other admissible arcs x.

16.1 Tonelli’s theorem and the direct method

The celebrated theorem of Tonelli identifies certain hypotheses under which a so-
lution to (P) exists in the class of arcs. It features a Lagrangian Λ that is con-
tinuous and bounded below. Note that, in this case, for any arc x, the function
t �→ Λ(t, x(t), x �(t)) is measurable and bounded below. In this setting, then, the
integral J(x) is well defined for any arc x, possibly as +∞.

The following result, a turning point in the theory, was the concrete predecessor
of the abstract direct method depicted in Theorem 5.51. Note, however, that the
functional J is not necessarily convex here, which adds to the complexity of the
problem.

16.2 Theorem. (Tonelli 1915) Let the Lagrangian Λ(t, x,v) be continuous, convex
in v, and coercive of degree r > 1: for certain constants α > 0 and β we have

Λ(t, x,v) � α |v |r +β ∀(t, x,v) ∈ [a,b ]×Rn×Rn.

Then the basic problem (P) admits a solution in the class AC[a,b ].

Proof. It is clear that there exist admissible arcs x for which J(x) is finite (for
example, take x to be the unique affine admissible arc). Accordingly, there exists a
minimizing sequence xi of admissible functions for (P):

lim
i→∞

J(xi) = inf (P) (finite).

For all i sufficiently large, in view of the coercivity, we have
� b

a

�
α
��x �

i
��r +β

�
dt �

� b

a
Λ
�
t, xi , x �

i
�

dt � inf (P)+1.

This implies that the sequence x �
i is bounded in Lr[a,b ]n. By reflexivity and weak

sequential compactness, we may assume without loss of generality that each com-
ponent converges weakly in Lr[a,b ]; we label the vector limit v∗ .

We proceed to define an element x∗ of ACr[a,b ]n via

x∗(t) = A+
� t

a
v∗(s)ds , t ∈ [a,b ].

For each t ∈ [a,b ], the weak convergence implies that

AC r[a, b]

Minimiser

� b

a
Λ(t, x(t), x�(t))dt

sous les contraintes

x(a) = A, x(b) = B.

Pourquoi la coercivité de dégré > 1 ?
Pourquoi la convexité en v ? 

g

v
v2 + v

v

aucune fonction réalise le inf dans ce problème

exemple
(il faut coercif 
d’ordre r > 1)

détails : FC page 323

min

� 1

0

�
x2 + g(x�)

�
dt : x(0) = 0, x(1) = 1.

39

40



aucune fonction réalise le inf (= 0) dans ce problème

exemple
min

� 1

0

�
x2 +

�
x�2 − 1

�2�
dt : x(0) = 0, x(1) = 0.

0 1

2 dents

4 dents

les fonctions dents de scie 
montre que l’inf = 0

•
•
•

−1 10

ici il manque 
la convexité

Observation de Weierstrass : Si on avait une solution x 
pour un lagrangien comme celui-ci, alors x’ ne pourrait 
pas être = 0

car on pourrait osciller entre 
x’ = 1 et x’ = -1 et ainsi 
réduire le coût...

−1 10

ici il manque 
la convexité

2. Si de plus L est strictement convexe par rapport à v, alors x∗ ∈C1[a,b].
3. [Hilbert-Weierstrass] Si de plus L est de classe Cm (m ≥ 2) et satisfait Lvv > 0 globa-

lement, alors toute solution x∗ de (P) appartient à Cm[a,b].

Théorème (conditions suffisantes par convexité) Si x∗ est admissible et satisfait l’équa-

tion d’Euler en forme intégrale, et si la fonction (x,v) �→ L(t,x,v) est convexe pour chaque

t ∈ [a,b], alors x∗ est solution globale de (P).

La fonction (lipschitzienne) qui parait à droite dans l’équation d’Euler ci-dessus est notée
p(t), le co-état. En termes de p, l’équation d’Euler en forme intégrale s’écrit

�
p �(t), p(t)

�
= ∇x,v L

�
t, x∗(t), x∗�(t)

�
p.p.

Théorème (condition de Weierstrass) Soit x∗ ∈ Lip[a,b ] solution de (P). Alors pour
chaque t ∈ [a,b ] p.p., on a

L
�
t, x∗(t), x∗�(t)+ v

�
−L

�
t, x∗(t), x∗�(t)

�
� � p(t),v� ∀v ∈ Rn.

Théorème (transversalité) Soit x∗ solution dans Lip [a,b] du problème

minimiser �(x(b))+
� b

a
L(t,x(t),x �(t))dt : x(a) = A, x(b) ∈ E .

Alors x∗ satisfait l’équation d’Euler en forme intégrale ainsi que la condition de transver-

salité suivante :

−p(b) ∈ ∇�(x∗(b))+NE(x∗(b)).

Le cadre des fonctions absolument continues

On considère maintenant le même problème (P), mais avec les fonctions x : [a,b] → Rn

appartenant à AC [a,b].

Théorème (existence et régularité lipschitzienne) On suppose que le lagrangien L(t,x,v)
est convexe par rapport à v et satisfait, pour des constantes α > 0, p > 1, γ ≥ 0 et β , la

condition de coercivité suivante :

L(t,x,v) ≥ α |v|p − γ |x|+β ∀(t,x,v) ∈ [a,b]×Rn ×Rn.

Alors le problème (P) admet une solution x∗ ∈ AC[a,b].

Lorsque le lagrangien satisfait en outre l’une des hypothèses supplémentaires suivantes :

9

{

p(t) = Lv(t, x∗(t), x
�
∗(t))
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le célèbre 
théorème 
d’existence 
de Tonelli

16.1 Tonelli’s theorem and the direct method 321

An arc x is admissible if it satisfies the constraints of the problem, and if J(x) is
well defined and finite. An arc x∗ admissible for the basic problem (P) is said to be
a solution (or a minimizer) if J(x∗) � J(x) for all other admissible arcs x.

16.1 Tonelli’s theorem and the direct method

The celebrated theorem of Tonelli identifies certain hypotheses under which a so-
lution to (P) exists in the class of arcs. It features a Lagrangian Λ that is con-
tinuous and bounded below. Note that, in this case, for any arc x, the function
t �→ Λ(t, x(t), x �(t)) is measurable and bounded below. In this setting, then, the
integral J(x) is well defined for any arc x, possibly as +∞.

The following result, a turning point in the theory, was the concrete predecessor
of the abstract direct method depicted in Theorem 5.51. Note, however, that the
functional J is not necessarily convex here, which adds to the complexity of the
problem.

16.2 Theorem. (Tonelli 1915) Let the Lagrangian Λ(t, x,v) be continuous, convex
in v, and coercive of degree r > 1: for certain constants α > 0 and β we have

Λ(t, x,v) � α |v |r +β ∀(t, x,v) ∈ [a,b ]×Rn×Rn.

Then the basic problem (P) admits a solution in the class AC[a,b ].

Proof. It is clear that there exist admissible arcs x for which J(x) is finite (for
example, take x to be the unique affine admissible arc). Accordingly, there exists a
minimizing sequence xi of admissible functions for (P):

lim
i→∞

J(xi) = inf (P) (finite).

For all i sufficiently large, in view of the coercivity, we have
� b

a

�
α
��x �

i
��r +β

�
dt �

� b

a
Λ
�
t, xi , x �

i
�

dt � inf (P)+1.

This implies that the sequence x �
i is bounded in Lr[a,b ]n. By reflexivity and weak

sequential compactness, we may assume without loss of generality that each com-
ponent converges weakly in Lr[a,b ]; we label the vector limit v∗ .

We proceed to define an element x∗ of ACr[a,b ]n via

x∗(t) = A+
� t

a
v∗(s)ds , t ∈ [a,b ].

For each t ∈ [a,b ], the weak convergence implies that

Minimiser

� b

a
Λ(t, x(t), x�(t))dt

sous les contraintes

x(a) = A, x(b) = B.

Pourquoi la coercivité de dégré > 1 ?
Pourquoi la convexité en v ? 

solution dans AC r[a, b]

idée 
de la 
preuve

16.1 Tonelli’s theorem and the direct method 321

An arc x is admissible if it satisfies the constraints of the problem, and if J(x) is
well defined and finite. An arc x∗ admissible for the basic problem (P) is said to be
a solution (or a minimizer) if J(x∗) � J(x) for all other admissible arcs x.

16.1 Tonelli’s theorem and the direct method

The celebrated theorem of Tonelli identifies certain hypotheses under which a so-
lution to (P) exists in the class of arcs. It features a Lagrangian Λ that is con-
tinuous and bounded below. Note that, in this case, for any arc x, the function
t �→ Λ(t, x(t), x �(t)) is measurable and bounded below. In this setting, then, the
integral J(x) is well defined for any arc x, possibly as +∞.

The following result, a turning point in the theory, was the concrete predecessor
of the abstract direct method depicted in Theorem 5.51. Note, however, that the
functional J is not necessarily convex here, which adds to the complexity of the
problem.

16.2 Theorem. (Tonelli 1915) Let the Lagrangian Λ(t, x,v) be continuous, convex
in v, and coercive of degree r > 1: for certain constants α > 0 and β we have

Λ(t, x,v) � α |v |r +β ∀(t, x,v) ∈ [a,b ]×Rn×Rn.

Then the basic problem (P) admits a solution in the class AC[a,b ].

Proof. It is clear that there exist admissible arcs x for which J(x) is finite (for
example, take x to be the unique affine admissible arc). Accordingly, there exists a
minimizing sequence xi of admissible functions for (P):

lim
i→∞

J(xi) = inf (P) (finite).

For all i sufficiently large, in view of the coercivity, we have
� b

a

�
α
��x �

i
��r +β

�
dt �

� b

a
Λ
�
t, xi , x �

i
�

dt � inf (P)+1.

This implies that the sequence x �
i is bounded in Lr[a,b ]n. By reflexivity and weak

sequential compactness, we may assume without loss of generality that each com-
ponent converges weakly in Lr[a,b ]; we label the vector limit v∗ .

We proceed to define an element x∗ of ACr[a,b ]n via

x∗(t) = A+
� t

a
v∗(s)ds , t ∈ [a,b ].

For each t ∈ [a,b ], the weak convergence implies that

On peut donc supposer que les x�
i convergent faiblement vers une

certaine fonction v = x∗� , où x∗ est une fonction admissible (compacité

faible dans Lp
).

Les xi converge uniformément vers x∗.

La fonctionnelle

(x, v) �→
� b

a
Λ(t, x(t), v(t)) dt

étant sci par rapport à ces convergences (pas facile), on en déduit

J(x∗) ≤ lim
i→∞

J(xi) = inf (P).

Il vient que x∗ est solution du problème (P). �
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16.1 Tonelli’s theorem and the direct method 321

An arc x is admissible if it satisfies the constraints of the problem, and if J(x) is
well defined and finite. An arc x∗ admissible for the basic problem (P) is said to be
a solution (or a minimizer) if J(x∗) � J(x) for all other admissible arcs x.

16.1 Tonelli’s theorem and the direct method

The celebrated theorem of Tonelli identifies certain hypotheses under which a so-
lution to (P) exists in the class of arcs. It features a Lagrangian Λ that is con-
tinuous and bounded below. Note that, in this case, for any arc x, the function
t �→ Λ(t, x(t), x �(t)) is measurable and bounded below. In this setting, then, the
integral J(x) is well defined for any arc x, possibly as +∞.

The following result, a turning point in the theory, was the concrete predecessor
of the abstract direct method depicted in Theorem 5.51. Note, however, that the
functional J is not necessarily convex here, which adds to the complexity of the
problem.

16.2 Theorem. (Tonelli 1915) Let the Lagrangian Λ(t, x,v) be continuous, convex
in v, and coercive of degree r > 1: for certain constants α > 0 and β we have

Λ(t, x,v) � α |v |r +β ∀(t, x,v) ∈ [a,b ]×Rn×Rn.

Then the basic problem (P) admits a solution in the class AC[a,b ].

Proof. It is clear that there exist admissible arcs x for which J(x) is finite (for
example, take x to be the unique affine admissible arc). Accordingly, there exists a
minimizing sequence xi of admissible functions for (P):

lim
i→∞

J(xi) = inf (P) (finite).

For all i sufficiently large, in view of the coercivity, we have
� b

a

�
α
��x �

i
��r +β

�
dt �

� b

a
Λ
�
t, xi , x �

i
�

dt � inf (P)+1.

This implies that the sequence x �
i is bounded in Lr[a,b ]n. By reflexivity and weak

sequential compactness, we may assume without loss of generality that each com-
ponent converges weakly in Lr[a,b ]; we label the vector limit v∗ .

We proceed to define an element x∗ of ACr[a,b ]n via

x∗(t) = A+
� t

a
v∗(s)ds , t ∈ [a,b ].

For each t ∈ [a,b ], the weak convergence implies that

solution dans AC r[a, b]

On peut étendre la preuve à certains cas où le lagrangien n’est pas

minoré par une constante. Un exemple simple :

Extension de théorème de Tonelli (voir FC 16.10)

Dans le théorème de Tonelli, on modifie l’hypothèse de coercivité

(seulement) ainsi :

Λ(t, x, v) ≥ α|v |r − γ |x|s + β ∀ (t, x, v) ∈ [ a, b ]×Rn×Rn,

où γ � 0, 0 < s < r , et où, comme avant, r > 1, α > 0. Alors il

existe une solution dans AC
r
.

Le théorème de Tonelli (sa démonstration) 
s’étend facilement aux problèmes qui 
imposent des contraintes unilatérales sur 
x et v.

Pour l’existence, il suffit que S soit fermé et V 
fermé convexe, et que la coercivité/convexité de L 
tiennent sur [a,b]xSxV. (Et que l’ensemble des 
fonctions admissibles soit non vide !) 

Minimiser

� b

a
Λ(t, x(t), x�(t))dt

sous les contraintes x(a) = A, x(b) = B ainsi que

x(t) ∈ S (t ∈ [a, b]), x�(t) ∈ V (t ∈ [a, b] p.p.)
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Avec le théorème de Tonelli, on a l’existence 
d’une solution dans AC. La voie semble ouverte 
pour appliquer la méthode déductive.

Ce petit détail s’avère être un véritable 
ennui : l’équation de Euler peut faire 
défaut quand la dérivée de la solution (qui 
est dans AC) n’est pas bornée !

Petit détail : le prochain pas consiste 
à appliquer les conditions nécessaires 
(équation d’Euler). Nous les avions 
obtenues dans C2 et dans Lip, mais 
pas dans AC.

Il suit que g est dérivable, et que “la dérivée de l’intégrale
est l’intégrale de la dérivée” :

g �(λ) =

� b

a

�
Lx

�
t, x∗ + λy, x�

∗ + λy �� y

+ Lv

�
t, x∗ + λy, x�

∗ + λy �� y � � dt.

On fixe une telle variation y , et on considère la fonc-

tion g d’une seule variable suivante :

g(λ) = J(x∗ + λy) =

� b

a
L
�
t, x∗ + λy, x�

∗ + λy �� dt.

où est la difficulté ?

On a produit un exemple en 1984 où l’équation d’Euler 
ne tient pas (sous les hypothèses de Tonelli)
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Remède : Si on pouvait prouver que la solution est dans 
Lip... résultat de régularité (de la solution)

16.2 Regularity via growth conditions 327

Is this problem in proving the existence of g �(0) simply a technical difficulty in

adapting the argument, or is it possible that the basic necessary condition for (P) can

actually fail? It turns out to be the latter: even for an analytic Lagrangian satisfying

the hypotheses of Tonelli’s theorem, the integral Euler equation may not hold
3

at

the unique minimizing arc x∗. The reader may detect a certain irony here: in order

to be able to apply the deductive approach, the basic problem has been extended

to AC[a,b ]. However, with solutions in this class, the necessary conditions can no

longer be asserted.

Another disturbing fact about the extension to arcs is the possibility of the Lavren-
tiev phenomenon. This is said to occur when the infimum in the basic problem over

AC[a,b ] is strictly less than the infimum over Lip[a,b ], and it can happen even

for smooth Lagrangians satisfying the hypotheses of Tonelli’s theorem. From the

computational point of view, this is disastrous, since most numerical methods hinge

upon minimizing the cost over a class of smooth (hence Lipschitz) functions (for

example, polynomials). In the presence of the Lavrentiev phenomenon, such meth-

ods cannot approach the minimum over AC[a,b ]. The extension from Lip[a,b ] to

AC[a,b ], then, is not necessarily a faithful one (a completion), as was the extension

from C2[a,b ] to Lip[a,b ].

However, all is not lost. There is a way to recover, in many cases, the happy sit-

uation in which we can both invoke existence and assert the necessary conditions,

while excluding the Lavrentiev phenomenon. This hinges upon identifying addi-

tional structural hypotheses on Λ which serve to rule out the pathological situations

cited above. We shall see two important examples of how to do this. The first one be-

low recovers the integral Euler equation under an “exponential growth” hypothesis

on the Lagrangian.

Remark. Local minima in the class of arcs are defined essentially as before. For

example, an admissible arc x∗ is a weak local minimizer if, for some ε > 0, we have

J(x∗) � J(x) for all admissible arcs x satisfying � x−x∗ � � ε and � x � −x∗� � � ε .

Recall that the meaning of the word “admissible” in the preceding sentence includes

the integral being well defined.

16.13 Theorem. (Tonelli-Morrey) Let Λ admit gradients Λ x, Λv which, along
with Λ , are continuous in (t, x,v). Suppose further that for every bounded set
S in Rn, there exist a constant c and a summable function d such that, for all
(t, x,v) ∈ [a,b ]×S×Rn, we have

��Λ x(t, x,v)
��+

��Λv(t, x,v)
�� � c

�
|v |+

��Λ(t, x,v)
���+d(t). (∗)

Then any weak local minimizer x∗ satisfies the Euler equation in integral form.

Proof. It follows from the hypotheses on Λ that the function

3
The first examples of this phenomenon are quite recent, and exhibit the feature that the function

Λ x(t, x∗(t), x∗�(t)), which is the derivative of the costate, is not summable.

Corollaire 16.16

Si en outre les hypothèses de Tonelli sont vérifiées, alors toute solution
x∗ du problème est lipschitzienne (appartient à Lip).

(hypothèse de croissance exponentielle)

Régularité lipschitzienne pour les problèmes autonomes :
un autre cas où la méthode déductive peut être mise en
œuvre.

Théorème 16.18 (Clarke-Vinter 1984) Sous les hypothèses
de Tonelli, quand le lagrangien est autonome, toute solution
du problème dans AC appartient en fait à Lip.
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15.2 Regularity of Lipschitz solutions

A regularity theorem is one which affirms that, under some additional hypotheses,
solutions of the basic problem, which initially are known to lie merely in the class
in which (P) is posed (currently, Lip[a,b ]), actually lie in a smaller class of more
regular functions (below, C1[a,b ] ). This is a way of having your cake and eating
it too: we allow nonsmooth functions in formulating the problem, yet we obtain
solutions that are smooth.

15.5 Theorem. Let x∗ ∈ Lip[a,b ] satisfy the integral Euler equation, where, for
almost every t ∈ [a,b ], the function v �→ Λ(t, x∗(t),v) is strictly convex. Then x∗
lies in C1[a,b ].

Proof. The goal is to find a continuous function v̄ on [a,b ] which agrees with x∗�
almost everywhere. For such a function, we have

x∗(t) = x∗(a)+
� t

a
x∗�(s)ds = x∗(a)+

� t

a
v̄(s)ds ∀ t ∈ [a,b ] ,

from which it follows that x∗ ∈ C1[a,b ]. We define the set

W =
�

t ∈ (a,b) : x∗�(t) exists and p(t) = Λv
�
t, x∗(t), x∗�(t)

��
.

Then W is of full measure. Fix any τ ∈ [a,b ], and let {si} and {ti} be any two
sequences in W converging to τ , and such that

�s := lim
i→∞

x∗�(si) , �t := lim
i→∞

x∗�(ti)

both exist. Passing to the limit in the equation p(si) = Λv(si, x∗(si), x∗�(si)) yields
p(τ) = Λv(τ, x∗(τ), �s). Similarly, we derive p(τ) = Λv(τ, x∗(τ), �t). It follows
that the strictly convex function v �→ Λ(τ, x∗(τ),v) has the same gradient at �s and
�t , whence �s = �t (see Exer. 4.17).

Let us now define a function v̄ on [a,b ] as follows: take any sequence {si} in W
converging to τ and such that lim i x∗�(si) exists (such sequences exist because W
is of full measure, and because x∗� is bounded); set v̄(τ) = lim i x∗�(si). In view of
the preceding remarks, v̄ is well defined. But v̄ is continuous by construction, as is
easily seen, and agrees with x∗� on W . ��

Note that the theorem applies to problems involving the classical action (such as
Example 15.3), but fails to apply to that of Example 15.1, for instance.

15.6 Exercise. As an application of Theorem 15.5, we prove the necessity of Ja-
cobi’s condition; the setting is that of Theorem 14.12. We reason ad absurdum, by
supposing that a conjugate point τ ∈ (a,b) exists.
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Recall that the proof of Theorem 14.7 showed that, for every y ∈ Lip0[a,b ], we
have

I(y) :=
� b

a

�
P(t)y �(t)2 +Q(t)y(t)2� dt � 0.

(a) By assumption there is a nontrivial solution u of Jacobi’s equation vanishing at a
and τ . Prove that u �(τ) �= 0, and that

� τ

a

�
P(t)u �(t)2 +Q(t)u(t)2� dt = 0.

(b) Extend u to [a,b ] by setting it equal to 0 between τ and b. It follows that u
minimizes the functional I(y) above relative to the arcs y ∈ Lip0[a,b ]. Apply
Theorem 15.5 to obtain a contradiction. ��

Higher regularity. It is possible to go further in the regularity theory, and show
that, under suitable conditions, the solutions of the basic problem inherit the full
regularity of the Lagrangian.

15.7 Theorem. (Hilbert-Weierstrass c. 1875) Let x∗ ∈ Lip[a,b ] satisfy the inte-
gral Euler equation, where Λ is of class Cm (m � 2) and satisfies

t ∈ [a,b ] ,v ∈ Rn =⇒ Λvv(t, x∗(t),v) > 0 (positive definite).

Then x∗ belongs to Cm[a,b ].

Proof. The hypotheses imply the strict convexity of the function v �→ Λ(t, x∗(t),v)
for each t. It follows from Theorem 15.5 that x∗ belongs to C1[a,b ]. We deduce that
the costate p(·) belongs to C1[a,b ], since, by the integral Euler equation,

p �(t) = Λ x
�
t, x∗(t), x∗�(t)

�
(continuous on [a,b ] ).

Note that for fixed t , the unique solution v of the equation p(t) = Λv(t, x∗(t),v) is
v = x∗�(t) (since Λvv > 0). It follows from the implicit function theorem that x∗� lies
in C1[a,b ], since p is C1 and Λv is Cm−1 with m � 2. Thus x∗ lies in C2[a,b ]. This
conclusion now implies p � ∈ C1[a,b ] and p(·)∈ C2[a,b ]. If m > 2 , we may iterate
the argument given above to deduce x∗� ∈ C2[a,b ]. We continue in this fashion until
we arrive at x∗� ∈ Cm−1[a,b ]; that is, x∗ ∈ Cm[a,b ]. ��

15.8 Exercise. We consider the basic problem (P) when Λ has the form

Λ(t, x,v) = g(x)
�

1+ | x � |2 ,

where g is Cm (m � 2). Let x∗ ∈ Lip[a,b ] be a weak local minimizer, and suppose
that g(x∗(t))> 0 ∀ t ∈ [a,b ]. Prove that x∗ ∈ Cm[a,b ]. ��

Rappel (régularité lisse) :

En combinant tous ces résultats (existence, régularité 
lipschitzienne, régularité lisse), on obtient :

Théorème On suppose que le lagrangien L(t, x, v)
est continûment dérivable, convexe par rapport à v,
et satisfait la condition de coercivité

L(t, x, v) ≥ α|v|r−γ|x|+β ∀ (t, x, v) ∈ [a, b]×Rn×Rn

pour certaines constantes avec α > 0, r > 1. Alors le
problème (P) admet une solution x∗ ∈ AC[a, b].

Si en outre l’une des deux hypothèses supplémentaires
suivantes est vérifiée :

(H1) (Tonelli-Morrey) Il existe des constantes c et d
telles que, pour tout (t, x, v) , on a

|Lx(t, x, v)|+ |Lv(t, x, v)| � c( |v |+ |L(t, x, v)| )+ d ;

(H2) (Clarke-Vinter) Le lagrangien L est autonome ;

alors x∗ ∈ Lip[a, b].

Si en outre L est strictement convexe en v, alors x∗ ∈
C1[a, b]. Enfin, si L est de classe Cm (où m ≥ 2) et
Lvv(t, x, v) > 0 ∀ (t, x, v), alors x∗ ∈ Cm[a, b].

�
��

�

Tonelli

�
��

�

régularité
lipschitzienne

�
��

�

régularité
lisse
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exempleProuver l’existence d’une solution x ∈ C∞ du
problème aux limites

x��(t) = cosx(t), x(0) = x(1) = 0.

On utilise la méthode variationnelle, la seule qui s’applique

au problème, en posant

L(x, v) :=
1

2
v2

+ sinx .

Alors Euler ↔ x��
= cosx .

Pour justifier que l’équation d’Euler admet une solution (avec

les bonnes conditions au bord), on considère

min

� 1

0

�
1

2
x�2

+ sinx

�
dt x(0) = x(1) = 0.

On invoque le théorème d’existence et régularité pour déduire

l’existence d’une solution dans C2
; par la suite, on trouve que

x ∈ C∞
.

convexe en v L(x, v) ≥
1

2
|v|2 − 1

L est autonome

|Lx| + |Lv| = | cosx| + |v| ≤ c (|v| + |L|) + d

en prenant c = d = 1.

Lvv = 1 > 0

Exer. 4.21 We study the solutions x ∈ C∞[0,T ] of the following boundary value problem :

x ��(t) = x3(t)+b x2(t)+ c x(t)+d sin t , 0 � t � T, x(0) = x(T ) = 0, (1)

where T > 0 is given, as well as the parameters b, c, d .

(a) Formulate a basic problem (P) in the calculus of variations whose Euler equation is

the differential equation above, and show with its help that there exists a solution x
of (1).

(b) Prove that the solution of (1) is unique when b2 � 3c.

The question of the nontriviality of the solution of (1) arises when d = 0, since in that case,

x ≡ 0 is a solution. When d = 0 and b2 � 3c, the unique solution of (1) is x ≡ 0, by the

preceding.

(c) Prove that for d = 0 and c < 0, there is a nontrivial solution of (1) when the horizon

T satisfies T > π |c |−1/2
.

Exer. 4.22 Un modèle de production économique mène au problème

min

� T

0

e−δ tC(x(t),x �(t))x �(t)dt , x ∈C2[0,1], x(0) = 0, x(T ) = x̄,

où δ ≥ 0 est le taux d’actualisation et C le coût marginal de production.

(a) Lorsque C(x,v) = v, résoudre le problème par la méthode déductive : prouver qu’une

solution xδ (·) ∈C2[0,1] existe ; la trouver ensuite par les conditions nécessaires.

(b) Étudier les limites de xδ (t) lorsque δ converge vers +∞, et ensuite lorsque δ converge

vers 0. Expliquer les réponses par un argument économique.

(c) Prouver que quand δ > 0 et C(x,v)≡ c0 > 0, le problème n’a pas de solution. Expliquer

par un raisonnement économique ce phénomène.

Exer. 4.23 On considère le problème de production de l’Exer. 4.22 dans le cas C(x,v) =
(1+ x)v, δ = 0, T = 1 et x̄ = 3. Il s’agit donc du problème

min

�
1

0

�
1+ x(t)

�
x �(t)2 dt : x ∈ C2[0,1], x(0) = 0, x(1) = 3.

(a) Utiliser la condition de Erdmann afin de trouver l’unique extrémale admissible x∗ . (On

se permet pour le moment d’ignorer la contrainte implicite x �(t)≥ 0.)

Il s’agit de déterminer si le candidat x∗ est bien solution du problème. On peut montrer que

x∗ n’est pas un minimum global quand la contrainte x �(t)≥ 0 est ignorée. Mais en présence

de cette contrainte, on vérifie maintenant que x∗ est bien solution globale.

(b) Trouver l’unique extrémale qui correspond à la condition finale (perturbée) x(τ) = β .

Ici, on prend τ > 0.

5

(d) un autre exemple : C(x, v) = (1 + x2)2v , δ = 0 =⇒ L(t, x, v) = (1 + x2)2v2

Euler :
d

dt

�
(1 + x2)22x �� = 2(1 + x2)2xx�2

Erdmann : (1 + x2)2x�2 = c2

=⇒ (1 + x2)dx = c dt =⇒ x(t) + 1
3
x3(t) =

x̄ + 1
3
x̄3

T
t

Ceci définit la solution. S’il y en a une !

� �� �
pas convexe

retour à un 
exemple 
précédent

convexe en v

L(x, v) ≥ |v|2

Lvv = 2(1 + x2)2 > 0

Cdn T-M (quand x borné),
ou L autonome

Donc il existe une solution dans C∞
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Les diapos :
Aller sur le site web de la Licence math, 
choisir "Licence 2ème année", ensuite cliquer 
sur "page de cours" près du nom Francis 
Clarke (en haut, Anal III)... 
ensuite regarder vers le bas de cette page 

A lire : Chap. 15, 16 de FC (pages 307-334)
 

Pour le TD :
 préparer les exos 6, 12, 13, 14, 15...

Fin des diapos du deuxième cours
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